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SPHERE THEOREMS AND EIGENVALUE PINCHING
WITHOUT POSITIVE RICCI CURVATURE ASSUMPTION
MASAYUKI AINO
Abstract. Considering the almost rigidity of the Obata theorem, we gener-
alize Petersen and Aubry’s sphere theorem about eigenvalue pinching without
assuming the positivity of Ricci curvature, only assuming Ric ≥ −Kg and
diam ≤ D for some positive constants K > 0 and D > 0.
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1. Introduction
The main aim of this article is to give the almost rigidity result about the Obata
theorem without assuming the positivity of Ricci curvature, only assuming Ric ≥
−Kg and diam ≤ D for some positive constants K > 0 and D > 0. The Obata
theorem is as follows:
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Theorem 1.1 ([30]). Take an integer n ≥ 2. Let (M, g) be a closed Riemannian
manifold of dimension n. If (M, g) admits a non-constant function f ∈ C∞(M)
with ∇2f + fg = 0, then (M, g) is isometric to the standard sphere of radius 1.
We emphasize that the Obata theorem itself does not require the assumption of
positive Ricci curvature. The Obata theorem implies the celebrated Lichnerowicz-
Obata theorem. In the following, λk(g) denotes the k-th eigenvalue of the Laplacian
acting on functions.
Theorem 1.2. Take an integer n ≥ 2. Let (M, g) be an n-dimensional closed
Riemannian manifold. If Ric ≥ (n− 1)g, then λ1(g) ≥ n. The equality holds if and
only if (M, g) is isometric to the standard sphere of radius 1.
Petersen [32] and Aubry [2] showed the stability result of the Lichnerowicz-Obata
theorem. In the following, dGH denotes the Gromov-Hausdorff distance function
(see Definition 2.2 for the definition of the Gromov-Hausdorff distance).
Theorem 1.3 ([2], [32]). Given an integer n ≥ 2 and an ǫ > 0, there exists
δ(n, ǫ) > 0 such that if (M, g) is an n-dimensional closed Riemannian manifold
with Ric ≥ (n− 1)g and λn(g) ≤ n+ δ, then dGH(M,Sn) ≤ ǫ.
Note that Petersen considered the pinching condition on λn+1 and Aubry im-
proved it. Aubry also showed that the assumption λn−1 ≤ n+δ is not enough to get
the Gromov-Hausdorff closeness to the standard sphere. In the proof of Theorem
1.3, the following vector bundle and its connection play an important role. For a
Riemannian manifold (M, g), we put E = EM := TM ⊕ Re, where Re is a rank
1 trivial bundle on M . We consider the product metric 〈·, ·〉E and the following
connection ∇E on E:
〈X + fe, Y + he〉E :=g(X,Y ) + fh,
∇EY (X + fe) :=∇YX + fY + (Y f − g(Y,X))e,
for anyX,Y ∈ Γ(TM) and f, h ∈ C∞(M). Define ∆¯E := (∇E)∗∇E . See Definition
4.1 for details. When M is closed, we consider the eigenvalues of ∆¯E :
0 ≤ λ1(∆¯E) ≤ λ2(∆¯E) ≤ · · · → ∞.
It is not difficult to prove that λ1(∆¯
E) = 0 holds if and only if there exists a
non-constant solution of the Obata equation ∇2f + fg = 0.
The following six conditions are mutually equivalent for any sequence of n-
dimensional closed Riemannian manifolds {(Mi, gi)}i∈N with Ric ≥ (n− 1)gi:
(i) Vol(Mi)→ Vol(Sn),
(ii) rad(Mi)→ π,
(iii) λn+1(gi)→ n,
(iv) λn(gi)→ n,
(v) λn(∆¯
E ,Mi)→ 0,
(vi) dGH(Mi, S
n)→ 0,
when i→∞, where we defined rad(M) = inf{r ∈ R :M = Br(x) for some x ∈M}
for any Riemannian manifold (M, g) (see [2], [9], [12], [13], [14], [23], [32]). In this
paper, we show that we only need to assume Ric ≥ −Kgi, diam(Mi) ≤ D to show
that (v) implies (vi).
Main Theorem 1 . Given an integer n ≥ 2 and positive real numbers ǫ > 0, K > 0
and D > 0, there exists δ(n,K,D, ǫ) > 0 such that if (M, g) is an n-dimensional
closed Riemannian manifold with Ric ≥ −Kg, diam(M) ≤ D and λn(∆¯E) ≤ δ,
then dGH(M,S
n) ≤ ǫ.
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Remark 1.1. In fact, we prove
dGH(M,S
n) ≤ C(n,K,D)λn(∆¯E)
1
1000n2 .
See Theorem 4.11. This estimate might be far from the optimal one.
This result is equivalent to the following result (see section 4).
Main Theorem 1’ . Given an integer n ≥ 2 and positive real numbers ǫ > 0,
K > 0 and D > 0, there exists δ(n,K,D, ǫ) > 0 such that the following property
holds. Let (M, g) be an n-dimensional closed Riemannian manifold with Ric ≥ −Kg
and diam(M) ≤ D. If there exists an n-dimensional subspace V of C∞(M) such
that ‖∇2f + fg‖2 ≤ δ‖f‖2 holds for all f ∈ V , then dGH(M,Sn) ≤ ǫ.
The equivalence of these theorems corresponds to the equivalence of the condi-
tions (iv) and (v).
The key of the proof of these main theorems is the following:
Proposition 1.4. Take an integer n ≥ 2 and positive real numbers K > 0 and
D > 0. Let (M, g) be an n-dimensional closed Riemannian manifold with Ric ≥
−Kg and diam(M) ≤ D. Suppose that a non-zero function f ∈ C∞(M) satisfies
‖∇2f + fg‖2 ≤ δ‖f‖2 for a sufficiently small δ > 0. Then, there exist a non-
constant function f1 and a point p ∈ M such that the following properties hold.
Putting h : M → R as h = √n+ 1‖f1‖L2 cos d(p, ·), we have
‖f1 − h‖∞ ≤ C(n,K,D)δ 148n ‖f1‖2,(1)
‖∇f1 −∇h‖2 ≤ C(n,K,D)δ 148n ‖f1‖2,(2)
‖∇2f1 + f1g‖2 ≤ C(n,K,D)δ 12 ‖f1‖2,(3)
for some positive constant C(n,K,D) > 0.
For the proof of Proposition 1.4, see Lemma 2.8 and Proposition 2.15 (see also
Lemma 2.7 and Definition 2.9). The conclusions (1), (2) and (3) correspond to the
assumptions (2.2), (2.3) and (2.4) in Cheeger-Colding’s paper [7, p.198], respec-
tively. These kind of properties are usually deduced using the condition that some
geometrical quantity is almost optimal to the assumption of Ricci curvature, e.g.,
Ric ≥ (n− 1)g (see [12] and [32]). Proposition 1.4 claims that, for our case, we do
not need to assume (1) and (2) once we know ‖∇2f + fg‖2 ≤ δ‖f‖2, even if we
only assumed Ric ≥ −Kg and diam(M) ≤ D.
We next consider constant scalar curvature metrics. The following theorem is
known (see [29, Theorem 24]).
Theorem 1.5. Take an integer n ≥ 2. Let (M, g) be an n-dimensional closed Rie-
mannian manifold with Scalg = n(n− 1), where Scalg denotes its scalar curvature.
If (M, g) admits a non-constant function f ∈ C∞(M) with ∇2f + ∆fn g = 0, then
(M, g) is isometric to the standard sphere of radius 1.
Note that the condition ∇2f+ ∆fn g = 0 is weaker than the condition ∇2f+fg =
0. By the Bochner formula, the pinching condition ‖∇2f + ∆fn g‖2 ≤ δ‖∆f‖2 is
equivalent to the condition
∫
M
Ric(∇f,∇f) dµg ≥
(
n−1
n − δ2
) ∫
M
(∆f)2 dµg. Thus,
we consider the Riemannian invariants Ωk(g) introduced in [1]:
Ωk(g) := inf
{
sup
f∈V \{0}
∫
M Ric(∇f,∇f) dµg∫
M
(∆f)2 dµg
: V is a k-dimensional subspace of H
}
,
where we put
H := {f ∈ W 2,2(M) :
∫
M
f dµg = 0}.
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Note that we always have Ωk ≤ n−1n , and for the n-dimensional standard sphere,
we have Ω1 = · · · = Ωn+1 = n−1n . Using these Riemannian invariants, we show the
following result as a corollary of Main Theorem 1’.
Main Theorem 2 . Given an integer n ≥ 2 and positive real numbers ǫ > 0, K > 0
and D > 0, there exists δ(n,K,D, ǫ) > 0 such that if (M, g) is an n-dimensional
closed Riemannian manifold with Scalg = n(n − 1), Ric ≥ −Kg, diam(M) ≤ D
and Ωn(g) ≥ n−1n − δ2, then dGH(M,Sn) ≤ ǫ.
By the following theorem due to Cheeger-Colding [8, Theorem A.1.12], we get
M is diffeomorphic to the n-dimensional standard sphere if ǫ is sufficiently small in
our main theorems.
Theorem 1.6 ([8]). Take an integer n ≥ 2 and a positive real number K > 0. Let
{(Mi, gi)}i∈N be a sequence of n-dimensional closed Riemannian manifolds with
Ricgi ≥ −Kgi and converges to an n-dimensional closed Riemannian manifold
(M, g) in Gromov-Hausdorff topology. Then, for sufficiently large i, Mi is diffeo-
morphic to M .
In section 5, we give an application of Main Theorem 1 to the almost umbilical
manifolds. We show that λn+1(∆¯
E) is small for the almost umbilical manifolds:
Proposition 1.7. Let (M, g) be an n-dimensional oriented closed Riemannian
manifold and ι : (M, g)→ Rn+1 an isometric immersion. Then, we have
λn+1(∆¯
E) ≤ 2‖A− Id ‖22,
where A ∈ Γ(T ∗M ⊗ TM) denotes the second fundamental form.
Let h := 1n trA denotes the mean curvature. Several authors considered whether
the manifold is close to the standard sphere when A−h Id is small in certain senses
([15], [16], [18], [31], [37], [40] and[41]). Perez [31] and Roth-Scheuer [37] considered
the assumption that ‖A− h Id ‖p is small for some p > n and showed the closeness
to the standard sphere in several meaning. In particular, they showed that M is
Hausdorff close to the standard sphere under such an assumption (see Definition 2.1
for the definition of the Hausdorff distance). De Rosa and Gioffre` [18] considered
a more general situation, called anisotropic nearly umbilical hypersurfaces, and
showed a W 2,p-approximation under the convexity assumption.
In general, the condition A−h Id is small is stronger than the condition A−h Id
is small, where h denotes the average value of the mean curvature:
h :=
1
Vol(M)
∫
M
h dµg
because we have |A− h Id |2 = |A− h Id |2 + n|h− h|2. However, using the method
in [17], Perez [31] showed that ‖A− h Id ‖2 ≤ C‖A− h Id ‖2 under the assumption
Ric ≥ 0. Cheng-Zhou [11] generalized it under the assumption of the lower bound
of 1λ1 Ric. Note that Perez also considered the case ‖A − h Id ‖p is small for some
1 < p ≤ n and showed M is Hausdorff close to the standard sphere under the
assumption Ric ≥ 0 (see [31, Corollary 2.5, Proposition 3.2]).
Combining Cheng-Zhou result and Main Theorem 1, we have the following the-
orem:
Main Theorem 3 . Given an integer n ≥ 2 and positive real numbers ǫ > 0,
K > 0, there exists δ(n,K, ǫ) > 0 such that the following property holds. Let (M, g)
be an n-dimensional oriented closed Riemannian manifold with Ric ≥ −Kλ1(g)g,
and ι : (M, g) → Rn+1 an isometric immersion. If ‖A − h Id ‖2 ≤ δ‖h‖2, then we
have the following properties:
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(i) dGH(M,S
n(1/‖h‖2)) ≤ ǫ/‖h‖2 andM is diffeomorphic to the n-dimensional
standard sphere.
(ii) dH(ι(M), SM ) ≤ ǫ/‖h‖2, where dH denotes the Hausdorff distance and SM
is defined by
SM :=
{
a+
1
Vol(M)
∫
M
ι(x) dµg(x) ∈ Rn+1 : a ∈ Rn+1 with |a| = 1‖h‖2
}
.
(iii) There exists a measurable subset E ⊂ M such that Vol(M\E) ≤ ǫVol(M)
and ι is injective on E.
Remark 1.2. We give several remarks on our assumptions.
(i) The condition Ric ≥ −Kλ1(g)g is homothetically invariant.
(ii) If Ric ≥ 0, then the assumption Ric ≥ −Kλ1(g)g is always satisfied for any
K > 0.
(iii) If Ric ≥ −Kg and diam(M) ≤ D, then we have Ric ≥ −C(n,K,D)λ1(g)g
by the Li-Yau estimate λ1(g˜) ≥ C(n,K,D) > 0 (see [39, p.116]).
(iv) We prove the theorem under slightly weaker assumptions (Theorem 5.12).
In particular, if Ric ≥ −Kg and diam(M) ≤ D or Ric ≥ 0, then the
assumption “oriented” can be removed.
(v) By the Reilly inequality λ1(g) ≤ n‖h‖2 [35] (see also [4, section 3]), we
have Ric ≥ −nK‖h‖2g if Ric ≥ −Kλ1(g)g. We do not know whether we
can replace the assumption Ric ≥ −Kλ1(g)g to the weaker assumption
Ric ≥ −nK‖h‖2g. However, once we know that h is almost constant in
L2-sense, the assumption Ric ≥ −nK‖h‖2g is enough (Theorem 5.7).
The structure of this paper is as follows.
In section 2, we consider a pinching condition on a single function. Comparing
what we get from the Cheeger-Colding segment inequality and what we get from
spectral method, we obtain a nice property that a modified function from the
originally pinched one is an almost cosine function of the distance as we mentioned
in Proposition 1.4. We also show the small excess like property, i.e., the converse
of the triangle inequality almost holds for a certain triple of points. This section is
the core of our paper.
In section 3, we consider Petersen’s method [32], which gives an approximation
map to the standard sphere by using eigenfunctions. In subsection 3.1, we give
some preparations to apply Petersen’s method to our problem. In subsection 3.2,
we give a modification of Petersen’s argument for our problem.
In section 4, we complete the proof of Main Theorem 1 using Aubry’s method [2],
which gives a pinching condition on the first (n+1)-th eigenvalue using a pinching
condition on the first n-th eigenvalue, where n is the dimension of the manifold.
In the section, we give a modification of Aubry’s argument for our problem. We
show the equivalence of our pinching condition on the functions in Main Theorem 1’
and the pinching condition on the eigenvalues of a certain Laplacian on the vector
bundle E, which is a direct sum of a tangent bundle and a rank 1 trivial bundle in
Main Theorem 1. Taking a wedge product of n eigensections of E, we give a new
almost (n+ 1)-th eigensection through the isomorphism
∧n
E ∼= E if the manifold
is orientable, and show that the unorientable case cannot occur under our pinching
condition by a mapping degree argument.
In section 5, we give an application of Main Theorem 1 to the almost umbili-
cal manifolds. We show that the almost umbilical manifolds satisfy our pinching
condition in Main Theorem 1.
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In section 6, we give some examples of collapsing sequences of Riemannian man-
ifolds to show non-continuity of the value of λk(∆¯
E) in the measured Gromov-
Hausdorff topology, and consider the converse of our main theorem for non-collapsing
cases.
Acknowledgments. I am grateful to my supervisor, Professor Shinichiroh Mat-
suo, for his advice, also Professor Osamu Kobayashi. Especially, I would like to
thank Professor Erwann Aubry for his valuable suggestions. I also thank Professor
Shouhei Honda for his useful advice and kindly explaining his works to me. Appen-
dix B is based on his suggestion. Part of this work was done during my stay at the
University of Coˆte d’Azur. I am grateful to the referee for careful reading of the
paper and making valuable suggestions. This work was supported by JSPS Over-
seas Challenge Program for Young Researchers and by JSPS Research Fellowships
for Young Scientists.
2. Single function pinching
In this section, we consider the pinching condition “‖∇2f + fg‖2 is small” for
a smooth function, and show that the modified one is an almost cosine function
(Proposition 2.15) and that the Riemannian manifold has the small excess like prop-
erty (Proposition 2.19), which asserts that the converse of the triangle inequality
almost holds for a certain triple of points, under the pinching condition.
2.1. Basic definitions. We first recall some basic definitions and fix our conven-
tion.
Definition 2.1 (Hausdorff distance). Let (X, d) be a metric space. For each point
x0 ∈ X , subsets A,B ⊂ X and r > 0, define
d(x0, A) := inf{d(x0, a) : a ∈ A},
Br(x0) :={x ∈ X : d(x, x0) < r},
Br(A) :={x ∈ X : d(x,A) < r},
dH,d(A,B) := inf{ǫ > 0 : A ⊂ Bǫ(B) and B ⊂ Bǫ(A)}
We call dH,d the Hausdorff distance.
If the distance d is clear from the context, we simply write dH for the Hausdorff
distance. The Hausdorff distance defines a metric on the collection of compact
subsets of X .
Definition 2.2 (Gromov-Hausdorff distance). Let (X, dX), (Y, dY ) be metric spaces.
Define
dGH(X,Y ) := inf
{
dH,d(X,Y ) : d is a metric on X
∐
Y such that
d|X = dX and d|Y = dY
}
.
The Gromov-Hausdorff distance defines a metric on the set of isometry classes
of compact metric spaces (see [34, Proposition 11.1.3]).
Definition 2.3 (ǫ-Hausdorff approximation map). Let (X, dX), (Y, dY ) be metric
spaces. We say that a map f : X → Y is an ǫ-Hausdorff approximation map for an
ǫ > 0 if the following two conditions hold.
(i) For all a, b ∈ X , we have |dX(a, b)− dY (f(a), f(b))| < ǫ,
(ii) f(X) is ǫ-dense in Y , i.e., for all y ∈ Y , there exists x ∈ X with dY (f(x), y) <
ǫ.
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If there exists an ǫ-Hausdorff approximation map f : X → Y , then we can show
that dGH(X,Y ) ≤ 3ǫ/2 by considering the following metric d on X
∐
Y .
d(a, b) =

dX(a, b) (a, b ∈ X),
ǫ
2
+ inf
x∈X
(dX(a, x) + dY (f(x), b)) (a ∈ X, b ∈ Y ),
dY (a, b) (a, b ∈ Y ).
If dGH(X,Y ) < ǫ, then there exists a 2ǫ-Hausdorff approximation map from X to
Y .
Let C(u1, . . . , ul) > 0 denotes a positive function depending only on the numbers
u1, . . . , ul. For a set X , CardX denotes a cardinal number of X .
Let (M, g) be a closed Riemannian manifold. For any p ≥ 1, we use the normal-
ized Lp-norm:
‖f‖pp :=
1
Vol(M)
∫
M
|f |p dµg,
and ‖f‖∞ := sup ess
x∈M
|f(x)| for a measurable function on M . We also use this
notation for tensors. We have ‖f‖p ≤ ‖f‖q for any p ≤ q ≤ ∞. Let ∇ denotes the
Levi-Civita connection. Throughout in this paper, 0 = λ0(g) < λ1(g) ≤ λ2(g) ≤
· · · → ∞ denotes the eigenvalues of the Laplacian ∆ = −∑i,j gij∇i∇j acting on
functions, and {φi} denotes the complete orthonormal system of eigenfunctions in
L2(M):
∆φi = λiφi, ‖φi‖2 = 1.
We sometimes identify TM and T ∗M using the metric g.
Given points x, y ∈ M , γx,y denotes one of minimal geodesics with unit speed
such that γx,y(0) = x and γx,y(d(x, y)) = y. For any x ∈ M and u ∈ TxM with
|u| = 1, put
t(u) := sup{t ∈ R>0 : d(x, expx(tu)) = t},
and define the interior set Ix ⊂M at x (see also [38, p.104]) by
Ix := {expx(tu) : u ∈ TxM with |u| = 1 and 0 ≤ t < t(u)}.
Then, Ix is open and Vol(M \ Ix) = 0 [38, III Lemma 4.4]. For any y ∈ Ix \ {x},
the minimal geodesic γx,y is uniquely determined. The function d(x, ·) : M → R is
differentiable in Ix \ {x} and ∇d(x, ·)(y) = γ˙x,y(d(x, y)) holds for any y ∈ Ix \ {x}
[38, III Proposition 4.8].
We define operators ∇∗ : Γ(T ∗M ⊗ T ∗M) → Γ(T ∗M) and d∗ : Γ(∧k T ∗M) →
Γ(
∧k−1
T ∗M) by
∇∗(α⊗ β) : = − trT∗M ∇(α⊗ β) = −
n∑
i=1
(∇eiα) (ei)−
n∑
i=1
α(ei)∇eiβ.
d∗ω : = −
n∑
i=1
ι(ei)∇eiω
for all α ⊗ β ∈ Γ(T ∗M ⊗ T ∗M) and ω ∈ Γ(∧k T ∗M), where ι denotes the inner
product, n = dimM and {e1, . . . , en} is an orthonormal basis of TM . If M is
closed, then we have ∫
M
〈T,∇α〉 dµg =
∫
M
〈∇∗T, α〉 dµg,∫
M
〈ω, dη〉 dµg =
∫
M
〈d∗ω, η〉 dµg
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for all T ∈ Γ(T ∗M ⊗ T ∗M), α ∈ Γ(T ∗M), ω ∈ Γ(∧k T ∗M) and η ∈ Γ(∧k−1 T ∗M)
by the divergence formula. The Hodge Laplacian ∆: Γ(
∧k
T ∗M)→ Γ(∧k T ∗M) is
defined by
∆ := dd∗ + d∗d.
We frequently use the following formula:
Theorem 2.4 (Bochner formula). Let (M, g) be a Riemannian manifold. Then,
we have
∆ω = ∇∗∇ω +Ric(ω♯, ·)
for all ω ∈ Γ(T ∗M), where ω♯ denotes a vector field such that g(ω♯, Y ) = ω(Y ) for
any vector field Y .
By the Bochner formula, we immediately have∫
M
(∆f)2 dµg =
∫
M
|∇2f |2 dµg −
∫
M
Ric(∇f,∇f) dµg
for all f ∈ C∞(M).
Finally, we list some important notation. Some of them will be defined in the
later sections.
• dH denotes the Hausdorff distance (see Definition 2.1).
• dGH denotes the Gromov-Hausdorff distance (see Definition 2.2).
• Br(x) denotes the open ball centered at x ∈ X with radius r > 0 for a
metric space (X, d).
• Sn(r) denotes the n-dimensional standard sphere of radius r.
• Sn := Sn(1).
• For any closed Riemannian manifold (M, g):
– d denotes the Riemannian distance function.
– Ric denotes the Ricci curvature.
– Scal denotes the scalar curvature.
– diam denotes the diameter.
– Vol or µg denotes the Riemannian volume measure.
– ‖ · ‖p denotes the normalized Lp-norm for each p ≥ 1, which is defined
by
‖f‖pp :=
1
Vol(M)
∫
M
|f |p dµg
for any measurable function f on M .
– ‖f‖∞ denotes the essential sup of |f | for any measurable function f
on M .
– ∇ denotes the Levi-Civita connection.
– ∇2 denotes the Hessian for functions.
– ∆: Γ(
∧k
T ∗M) → Γ(∧k T ∗M) denotes the Hodge Laplacian defined
by ∆ := dd∗ + d∗d. We frequently use the Laplacian acting on func-
tions. Note that ∆ = − trg∇2 holds for functions under our sign
convention.
– 0 = λ0(g) < λ1(g) ≤ λ2(g) ≤ · · · → ∞ denotes the eigenvalues of the
Laplacian acting on functions.
– {φi} denotes the complete orthonormal system of eigenfunctions in
L2(M).
– γx,y : [0, d(x, y)] → M denotes one of minimal geodesics with unit
speed such that γx,y(0) = x and γx,y(d(x, y)) = y for any x, y ∈M .
– Ix denotes the interior set at x ∈ M . We have Vol(M \ Ix) = 0.
We have that γx,y is uniquely determined and ∇d(x, ·) = γ˙x,y(d(x, y))
holds for any y ∈ Ix \ {x}.
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– T(n,δ) : L
2(M)→ L2(M) denotes the projection onto a subspace Span{φj :
j ∈ N with n− √δ ≤ λj ≤ n +
√
δ} ⊂ C∞(M) for each n ∈ Z≥2 and
δ > 0. We call T(n,δ) : L
2(M) → L2(M) the (n, δ)-projection (see
Definition 2.9 below).
– We say that a subspace V in C∞(M) satisfies the δ-pinching condition
for some δ > 0 if the pinching condition ‖∇2f + fg‖2 ≤ δ‖f‖2 holds
for all f ∈ V (see Definition 3.1 below).
– E denotes the vector bundle TM ⊕ Re, where Re denotes the rank 1
trivial bundle.
– ∇E denotes the connection on E defined by ∇EY (X + fe) := ∇YX +
fY + (Y f − g(Y,X))e for any X,Y ∈ Γ(TM) and f ∈ C∞(M).
– ∆¯E denotes the connection Laplacian acting on Γ(E) (see Definition
4.1 below).
– 0 ≤ λ1(∆¯E) ≤ λ2(∆¯E) ≤ · · · → ∞ denotes the eigenvalues of the
connection Laplacian ∆¯E acting on Γ(E).
Note that the lowest eigenvalue of the Laplacian ∆ acting on function is always
equal to 0, and so we start counting the eigenvalues of it from i = 0. This is not the
case with the connection Laplacian ∆¯E acting on Γ(E), and so we start counting
the eigenvalues of it from i = 1.
2.2. Modification of a pinched function. In this subsection, we modify a func-
tion that satisfies our pinching condition to a function that is easy to handle from
the point of view of spectral geometry. More precisely, we show that if a function
f ∈ C∞(M) satisfies our pinching condition ‖∇2f+fg‖2 ≤ δ‖f‖2, then the projec-
tion of f onto a subspace Span{φj : j ∈ N with n−
√
δ ≤ λj ≤ n+
√
δ} ⊂ C∞(M)
also satisfies our pinching condition.
We first consider the following unnormalized condition.
Lemma 2.5. Let (M, g) be an n-dimensional closed Riemannian manifold. Suppose
that there exist real numbers δ > 0, c ∈ R and a non-constant smooth function
f ∈ C∞(M) with ‖∇2f+cfg‖2 ≤ δ‖∆f‖2. Then, we have the following properties.
(i) We have ‖∆f − ncf‖2 ≤ √nδ‖∆f‖2.
(ii) Set f0 := f −
∫
M f dµg/Vol(M). Then, we have f0 6= 0 and ‖∇2f0 +
cf0g‖2 ≤ δ‖∆f0‖2, and so ‖∆f0 − ncf0‖2 ≤
√
nδ‖∆f0‖2.
(iii) If δ ≤ 1
2
√
n
, then c > 0 and λ1(g) ≤ nc(1 + 2
√
nδ) hold.
(iv) For positive real numbers K > 0 and D > 0, there exists a positive constant
C1(n,K,D) > 0 such that the following property holds. If Ric ≥ −Kg,
diam(M) ≤ D and δ ≤ 1
2
√
n
, then c ≥ C1(n,K,D) holds.
(v) For a positive real numberK > 0, there exists a positive constant C2(n,K) >
0 such that if δ ≤ 1
2
√
n
and Ric ≤ Kg, then c ≤ C2(n,K) holds.
Proof. For any smooth function F ∈ C∞(M), we have
|∇2F + cFg|2 = |∇2F |2 − 2cF∆F + nc2|F |2
=
1
n
|∆F |2 − 2cF∆F + nc2|F |2 +
∣∣∣∣∇2F + ∆Fn g
∣∣∣∣2
=
1
n
|∆F − ncF |2 +
∣∣∣∣∇2F + ∆Fn g
∣∣∣∣2 .
(4)
This implies (i).
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Since f is non-constant, we have f0 6= 0. By (4), we get
‖∇2f0 + cf0g‖22 =‖∇2f + cfg‖22 − nc2
(
1
Vol(M)
∫
M
f dµg
)2
≤δ2‖∆f‖22 = δ2‖∆f0‖22.
This implies (ii).
By (4) and (ii), we get δ2‖∆f0‖22 ≥ 1n‖∆f0‖22 − 2c‖∇f0‖22. Thus, we get c > 0 if
δ ≤ 1
2
√
n
. By (ii), we have
(5) (1 −√nδ)‖∆f0‖2 ≤ nc‖f0‖2.
Thus, we get λ1‖f0‖2 ≤ ‖∆f0‖2 ≤ nc(1 + 2
√
nδ)‖f0‖2. This implies (iii).
We next prove (iv). Assume that Ric ≥ −Kg, diam(M) ≤ D and δ ≤ 1
2
√
n
. By
the Li-Yau estimate [39, p.116], we have λ1 ≥ C(n,K,D) > 0. Thus, by (iii) we
get c ≥ λ12n ≥ C1(n,K,D). This implies (iv).
Finally, we prove (v). Assume that Ric ≤ Kg and δ ≤ 1
2
√
n
(we do not assume
Ric ≥ −Kg). By (ii), we have nc‖f0‖2 ≤ 2‖∆f0‖2. By the Bochner formula and
(4), we get
δ2‖∆f0‖22 ≥ ‖∇2f0 +
∆f0
n
g‖22 =‖∇2f0‖22 −
1
n
‖∆f0‖22
=
n− 1
n
‖∆f0‖22 −
1
Vol(M)
∫
M
Ric(∇f0,∇f0) dµg
≥n− 1
n
‖∆f0‖22 −K‖∇f0‖22
≥n− 1
n
‖∆f0‖22 −K‖∆f0‖2‖f0‖2
≥
(
n− 1
n
− 2K
nc
)
‖∆f0‖22.
Thus, we get c ≤ C2(n,K). 
We immediately have the following corollary.
Corollary 2.6. Take an integer n ≥ 2 and positive real numbers K > 0, D > 0,
µ > 0 and 0 < δ ≤ 1
2
√
n
. Let (M, g) be an n-dimensional closed Riemannian
manifold with Ric ≥ −Kg and diam(M) ≤ D, and let c be a real constant with
c ≤ µ. Suppose that there exists a non-constant function f ∈ C∞(M) with ‖∇2f +
cfg‖2 ≤ δ‖∆f‖2. Then, c ≥ C1 > 0 and the metric g˜ = cg satisfies Ricg˜ ≥
−K/C1g˜, diam(M, g˜) ≤ µ 12D and ‖(∇g˜)2f + f g˜‖L2(M,g˜) ≤ δ‖∆g˜f‖L2(M,g˜).
By Corollary 2.6, we only consider the case when c = 1. By Lemma 2.5 (v),
we do not need to assume c ≤ µ if we assume Ric ≤ Kg. Note that if a non-zero
function f satisfies ‖∇2f + fg‖2 ≤ δ‖∆f‖2 for some δ > 0, then f is non-constant.
In the following, we sometimes normalize the function f1 defined in Lemma 2.8
so that ‖f1‖22 = 1/(n+ 1). Thus, the condition ‖∇2f + fg‖2 ≤ δ‖f‖2 seems more
natural. Since
√
n‖∇2f +fg‖2 ≥ ‖∆f−nf‖2 (see (4)), we get the following lemma
immediately.
Lemma 2.7. Let (M, g) be an n-dimensional closed Riemannian manifold. Take
arbitrary 0 < δ ≤ 1
2
√
n
. Then, we have the following properties.
(i) If a smooth function f ∈ C∞(M) satisfies ‖∇2f + fg‖2 ≤ δ‖∆f‖2, then
‖∇2f + fg‖2 ≤ 2nδ‖f‖2.
(ii) If a smooth function f ∈ C∞(M) satisfies ‖∇2f + fg‖2 ≤ δ‖f‖2, then
‖∇2f + fg‖2 ≤ δ‖∆f‖2.
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Let us consider the projection of our function onto a subspace Span{φj : j ∈
N with n−√δ ≤ λj ≤ n+
√
δ} ⊂ C∞(M).
Lemma 2.8. Given an integer n ≥ 2 and positive real numbers K > 0 and D >
0, there exist positive constants C(n,K,D) > 0 and N1(n,K,D) > 0 such that
the following properties hold. Take a positive real number 0 < δ ≤ 18n3 . Let
(M, g) be an n-dimensional closed Riemannian manifold with Ric ≥ −Kg and
diam(M) ≤ D. Suppose that there exists a non-zero smooth function f ∈ C∞(M)
with ‖∇2f + fg‖2 ≤ δ‖f‖2. Then, we have the following properties.
(i) Decompose f as f =
∑∞
j=0 αjφj (αj ∈ R). Set
f1 :=
∑
n−√δ≤λj≤n+
√
δ
αjφj .
Then, we have f1 6= 0 and
‖∇2f1 + f1g‖2 ≤ C
√
δ‖f1‖2, ‖∆f1 − nf1‖2 ≤ Cδ‖f1‖2.
(ii) We normalize f1 so that ‖f1‖22 = 1n+1 . Then, we have
‖∇f1‖∞ ≤ C, ‖f1‖∞ ≤ C,
‖∇φj‖∞ ≤ C, ‖φj‖∞ ≤ C
for all j with n−√δ ≤ λj ≤ n+
√
δ, and
Card{j ∈ Z>0 : n−
√
δ ≤ λj ≤ n+
√
δ} ≤ N1.
Proof. By Lemma 2.7, we have ‖∇2f + fg‖2 ≤ δ‖∆f‖2. Since 18n3 ≤ 12√n , we can
use the result of Lemma 2.5 (i), (ii), (iii) and (iv). Set
f1 :=
∑
n−
√
δ≤λj≤n+
√
δ
αjφj , f2 := f0 − f1 =
∑
0<λj≤n−
√
δ
αjφj +
∑
λj≥n+
√
δ
αjφj ,
f3 :=
∑
λj>2n
αjφj , f4 := f2 − f3 =
∑
0<λj≤n−
√
δ
αjφj +
∑
n+
√
δ≤λj≤2n
αjφj .
Then, by the definition of f2, Lemma 2.5 (ii) and (5) , we have√
δ‖f2‖2 ≤ ‖∆f2 − nf2‖2 ≤ ‖∆f0 − nf0‖2 ≤
√
nδ‖∆f0‖2
≤2n√nδ‖f0‖2.
Thus, we get
(6) ‖f2‖2 ≤
√
nδ‖∆f0‖2 ≤ 2n
√
nδ‖f0‖2.
Therefore, we have ‖f0‖22 = ‖f1‖22 + ‖f2‖22 ≤ ‖f1‖22 + 4n3δ‖f0‖22, and so we get
(7) ‖f0‖22 ≤ (1 + 8n3δ)‖f1‖22 ≤ 2‖f1‖22.
In particular, we get f1 6= 0. Since we have
‖∆f3 − nf3‖22 =
∑
λj>2n
α2j(λj − n)2 ≥
∑
λj>2n
α2j
1
4
λ2j =
1
4
‖∆f3‖22,
and (6), we get
‖∆f2‖22 = ‖∆f3‖22 + ‖∆f4‖22 ≤4‖∆f3 − nf3‖22 + (2n)2‖f4‖22
≤4‖∆f0 − nf0‖22 + (2n)2‖f2‖22
≤Cδ‖f0‖22.
(8)
By (6) and (8), we have
(9) ‖∇f2‖22 ≤ ‖∆f2‖2‖f2‖2 ≤ Cδ‖f0‖22.
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By the Bochner formula, (8) and (9), we get
‖∇2f2‖22 =‖∆f2‖22 −
1
Vol(M)
∫
M
Ric(∇f2,∇f2) dµg
≤‖∆f2‖22 +K‖∇f2‖22 ≤ Cδ‖f0‖22.
(10)
By (6), (7) and (10), we have
‖∇2f1 + f1g‖2 ≤‖∇2f0 + f0g‖2 + ‖∇2f2‖2 +
√
n‖f2‖2
≤C
√
δ‖f0‖2 ≤ C
√
δ‖f1‖2,
and
‖∆f1 − nf1‖2 ≤‖∆f0 − nf0‖2
≤√nδ‖∆f0‖2 ≤ Cδ‖f1‖2.
Thus, we get (i).
We next prove (ii). By the gradient estimate for eigenfunctions [32, Theorem
7.3], we have ‖∇φj‖∞ ≤ C(n,K,D) for all j with λj ≤ n +
√
δ(≤ n + 1). Since
φj takes 0 at some point, we have ‖φj‖∞ ≤ C. By the Gromov estimate of the
eigenvalues [20, Appendix C], for each j, we have
λj ≥ C(n,K,D)j 2n > 0.
Thus, for j with λj ≤ n +
√
δ, we have j ≤ (n+1C )n2 =: N1(n,K,D). Therefore, if
we normalize f1 so that ‖f1‖22 = 1n+1 , we get
‖∇f1‖∞ ≤
∑
n−√δ≤λj≤n+
√
δ
|αj |‖∇φj‖∞
≤C
 ∑
n−
√
δ≤λj≤n+
√
δ
α2j

1
2
N
1
2
1 ≤ C
and ‖f1‖∞ ≤ C. Thus, we get (ii). 
We give the following definition based on Lemma 2.8.
Definition 2.9. Take an integer n ≥ 2. For an n-dimensional closed Riemannian
manifold (M, g) and a δ > 0, we define the (n, δ)-projection T(n,δ) : L
2(M) →
L2(M) as follows. For any function f ∈ L2(M) such that f =∑∞j=0 αjφj (αj ∈ R),
we define
T(n,δ)(f) =
∑
n−
√
δ≤λj≤n+
√
δ
αjφj .
2.3. Gradient estimate. In this subsection, we modify the Cheng-Yau estimate
to apply it to our function f1 in Lemma 2.8. Although we do not have L
∞ estimate
for the Hessian ∇2f1, Lemma 2.10 below enable us to give an upper bound of the
norm of gradient |∇f1| around the maximum point of f1. The proof of the following
lemma is similar to that of [6, Theorem 7.1].
Lemma 2.10. Take an integer n ≥ 2 and positive real numbers K > 0, D > 0
and 0 < ǫ1 ≤ 1. Then, there exists a positive constant C(n,K,D) > 0 such that
the following property holds. Let (M, g) be an n-dimensional closed Riemannian
manifold with Ric ≥ −Kg and diam(M) ≤ D. Take an open subset A ⊂ M and a
function f ∈ C∞(M) with ‖f‖22 = 1n+1 of the form
f =
∑
λj≤n+1
αjφj .
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Suppose that at some point p ∈ A, f(p) = supx∈A f(x), and supx∈A(f(p)− f(x) +
ǫ1)
−2|∇f |2(x) is attained at some point in A. Then, for all x ∈ A, we have
|∇f |2(x) ≤ C
ǫ1
(f(p)− f(x) + ǫ1)2 .
Proof. Note that there exist positive constantsN2(n,K,D) > 0 and C(n,K,D) > 0
such that
Card{j : λj ≤ n+ 1} ≤ N2
and ‖∇φj‖∞ ≤ C for all j with λj ≤ n+ 1 by the gradient estimate for eigenfunc-
tions [32, Theorem 7.3] and Gromov’s eigenvalue estimate [20, Appendix C].
Set h(x) := f(p)− f(x)+ ǫ1(≥ ǫ1) and v(x) := log h(x) for any x ∈ A. Then, we
have
∇v = ∇h
h
=
−∇f
h
, ∆v =
∆h
h
+ |∇v|2, |∇v|2 = |∇f |
2
(f(p)− f + ǫ1)2 .
By the Bochner formula, we get
1
2
∆|∇v|2 = 〈∇∆v,∇v〉 − Ric(∇v,∇v) − |∇2v + ∆v
n
g|2 − 1
n
|∆v|2
≤ 〈∇∆v,∇v〉 +K|∇v|2 − 1
n
(
∆h
h
+ |∇v|2
)2
.
(11)
We have
〈∇∆v,∇v〉 =〈∇∆h
h
,∇v〉 + 〈∇|∇v|2,∇v〉
=〈∇∆h
h
,∇v〉 − ∆h
h
|∇v|2 + 〈∇|∇v|2,∇v〉.
(12)
We estimate the first and second terms of (12). Since we have
∆h
h
= −∆f
h
= − 1
h
∑
λj≤n+1
λjαjφj ,
we get ∣∣∣∣∆hh
∣∣∣∣ ≤n+ 1ǫ1 ∑
λj≤n+1
|αj ||φj | ≤ C
ǫ1
.(13)
Since we have 〈∇∆h
h
,∇v
〉
= − 1
h
∑
λj≤n+1
λjαj〈∇φj ,∇v〉,
we get ∣∣∣∣〈∇∆hh ,∇v
〉∣∣∣∣ ≤ Cǫ1 |∇v|.(14)
By (13) and (14), we get
(15)
∣∣∣∣〈∇∆hh ,∇v
〉
− ∆h
h
|∇v|2
∣∣∣∣ ≤ Cǫ1 |∇v|+ Cǫ1 |∇v|2.
By the assumption, |∇v|2 takes its maximum value at some point q ∈ A. We
have 〈∇|∇v|2,∇v〉(q) = 0. By (12) and (15), we get
|〈∇∆v,∇v〉|(q) ≤ C
ǫ1
|∇v|(q) + C
ǫ1
|∇v|2(q),
and so, by (11) and the maximum principle,
0 ≤ 1
2
∆|∇v|2(q) ≤ C
ǫ1
|∇v|2(q) + C
ǫ1
|∇v|(q) − 1
n
(
∆h
h
+ |∇v|2
)2
(q).
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We consider the following cases.
(a) |∇v|2(q) ≥ −2∆hh (q).
(b) |∇v|2(q) < −2∆hh (q).
We first consider the case (a). Since we have ∆hh (q) + |∇v|2(q) ≥ 12 |∇v|2(q), we
get
|∇v|4(q) ≤ C
ǫ1
(|∇v|2(q) + |∇v|(q)) .
We further consider the following two cases.
(a-1) |∇v|2(q) ≤ |∇v|(q).
(a-2) |∇v|2(q) > |∇v|(q).
For both cases, we get |∇v|2(q) ≤ Cǫ1 .
We next consider the case (b). By (13), we get
|∇v|2(q) ≤ −2∆h
h
(q) ≤ C
ǫ1
.
Thus, we get |∇v|2(q) ≤ Cǫ1 for every cases. Since we have |∇v|2(x) ≤ |∇v|2(q) for
all x ∈ A, we get the lemma. 
2.4. Segment inequality. In this subsection, we recall the segment inequality [7,
Theorem 2.1] and prove its easy consequence. Recall that γy1,y2 denotes one of
minimal geodesics with unite speed such that γy1,y2(0) = y1 and γy1,y2(d(y1, y2)) =
y2. The minimal geodesic γy1,y2 is uniquely determined if y2 ∈ Iy1 \ {y1}, and we
have Vol(M \ Iy1) = 0 (see subsection 2.1 for details).
Theorem 2.11 (segment inequality). Given an integer n ≥ 2 and positive real
numbersK > 0 and D > 0, there exists a positive constant C(n,K,D) > 0 such that
the following property holds. Let (M, g) be an n-dimensional closed Riemannian
manifold with Ric ≥ −Kg and diam(M) ≤ D. For any non-negative measurable
function h : M → R≥0, we have
1
Vol(M)2
∫
M×M
∫ d(y1,y2)
0
h ◦ γy1,y2(s) dsdy1dy2 ≤
C
Vol(M)
∫
M
h dµg.
We use the segment inequality to prove the following lemma. The follow-
ing lemma gives us one dimensional integral pinching conditions on most of the
geodesics under the integral pinching condition for a function on M .
Lemma 2.12. Given an integer n ≥ 2 and positive real numbers K > 0, D > 0 and
0 < δ ≤ 18n3 , there exists a positive constant C3(n,K,D) > 0 such that the following
property holds. Let (M, g) be an n-dimensional closed Riemannian manifold with
Ric ≥ −Kg and diam(M) ≤ D. Suppose that a non-zero function f ∈ C∞(M)
satisfies ‖∇2f + fg‖2 ≤ δ‖f‖2 and ‖f1‖22 = 1n+1 , where we put f1 = T(n,δ)(f). For
any y1 ∈M , we define
D(y1) :=
{
y2 ∈ Iy1 \ {y1} :
∫ d(y1,y2)
0
|∇2f1 + f1g| ◦ γy1,y2(s) ds ≤ δ
1
6
}
,
and
Q := {y1 ∈M : Vol(D(y1)) ≥ (1− δ 16 )Vol(M)}.
Then, we have
Vol(Q) ≥ (1− C3δ
1
6 )Vol(M).
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Proof. For any y1 ∈M \Q, we have Vol(M \D(y1)) > δ 16 Vol(M), and so we get
1
Vol(M)
∫
M
∫ d(y1,y2)
0
|∇2f1 + f1g| ◦ γy1,y2(s) dsdy2
≥ 1
Vol(M)
∫
M\D(y1)
∫ d(y1,y2)
0
|∇2f1 + f1g| ◦ γy1,y2(s) dsdy2
≥Vol(M \D(y1))
Vol(M)
δ
1
6 ≥ δ 13 .
(16)
By Theorem 2.11, (16) and ‖∇2f1 + f1g‖1 ≤ ‖∇2f1 + f1g‖2 ≤ C
√
δ, we get
Vol(M \Q)
Vol(M)
δ
1
3
≤ 1
Vol(M)2
∫
M\Q
dy1
∫
M
dy2
∫ d(y1,y2)
0
|∇2f1 + f1g| ◦ γy1,y2(s) ds
≤ 1
Vol(M)2
∫
M×M
∫ d(y1,y2)
0
|∇2f1 + f1g| ◦ γy1,y2(s) dsdy1dy2
≤C
√
δ.
Therefore, we get Vol(M \Q) ≤ Cδ 16 Vol(M). 
2.5. Almost cosine function. In this subsection, we show that our function f1
in Lemma 2.8 is an almost cosine function in L∞ and W 1,2 sense.
We need the following easy consequence of the Bishop-Gromov inequality.
Theorem 2.13. Given a positive integer n ≥ 2 and positive real numbers K > 0
and D > 0, there exists a positive constant C4(n,K,D) > 0 such that the following
property holds. Let (M, g) be an n-dimensional closed Riemannian manifold with
Ric ≥ −Kg and diam(M) ≤ D. Then, for any p ∈M and 0 < r ≤ D+ 1, we have
Vol(Br(p)) ≥ C4rn Vol(M).
The following lemma is standard (c.f. [7, Lemma 2.41]).
Lemma 2.14. Take positive real numbers l, ǫi > 0 (i = 0, 1, 2) and real numbers
a, b ∈ R. Put
u˜(t) := a cos t+ b sin t,
for any t ∈ R. Suppose that a smooth function u : [0, l]→ R satisfies
· |u(0)− a| ≤ ǫ0,
· |u′(0)− b| ≤ ǫ1,
· ∫ l0 |u′′(t) + u(t)| dt ≤ ǫ2.
Then, we have
|u(t)− u˜(t)| ≤ ǫ0 cosh t+ (ǫ1 + ǫ2) sinh t,
|u′(t)− u˜′(t)| ≤ ǫ1 + ǫ2 +
∫ t
0
|u(s)− u˜(s)| ds,
for all t ∈ [0, l].
Recall that we defined the (n, δ)-projection T(n,δ) : L
2(M) → L2(M) to be the
orthogonal projection onto a subspace Span{φj : j ∈ N with n−
√
δ ≤ λj ≤ n+
√
δ}.
In Lemma 2.8, we showed that if a function f satisfies our pinching condition
‖∇2f + fg‖2 ≤ δ‖f‖2, then T(n,δ)(f) also satisfies our pinching condition.
The following proposition is the goal of this subsection.
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Proposition 2.15. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exist positive constants C(n,K,D) > 0 and 0 < δ1(n,K,D) ≤ 18n3
such that the following properties hold. Take a positive real number 0 < δ ≤ δ1.
Let (M, g) be an n-dimensional closed Riemannian manifold with Ric ≥ −Kg and
diam(M) ≤ D. Suppose that a non-zero function f ∈ C∞(M) satisfies ‖∇2f +
fg‖2 ≤ δ‖f‖2 and ‖f1‖22 = 1n+1 , where we put f1 := T(n,δ)(f). Then, there exists a
point p ∈ M such that f1(p) > 0, |f1(p) − 1| ≤ Cδ 148n , and putting h : M → R as
h := cos d(p, ·), we have
‖f1 − h‖∞ ≤ Cδ 148n ,
‖∇f1 −∇h‖2 ≤ Cδ 148n .
Proof. Take a maximum point p˜ ∈M of f1. By Lemma 2.10,
(17) |∇f1|2 ≤ C
δ
1
6n
(f1(p˜)− f1 + δ 16n )2.
Put ǫ :=
(
2C3δ
1
6 /C4
) 1
n
. We can assume that ǫ ≤ 1 by taking δ1 sufficiently small.
By Lemma 2.12 and the Bishop-Gromov inequality (Theorem 2.13), we get
Vol (Bǫ(p˜)) ≥ 2C3δ
1
6 Vol(M) ≥ 2Vol(M \Q).
Thus, we have Q ∩Bǫ(p˜) 6= ∅. Take a point p ∈ Q ∩Bǫ(p˜). Since ‖∇f1‖∞ ≤ C by
Lemma 2.8 (ii), we have |f(p˜)− f(p)| ≤ Cδ 16n . Thus, by (17), we get
(18) |∇f1(p)| ≤ Cδ 112n .
Let us show that f1 is close to f1(p) cos d(p, ·) in L∞ sense. Take arbitrary
x ∈ D(p). Since
(∇2f1 + f1g)(γ˙p,x(s), γ˙p,x(s)) = d
2
ds2
f1 ◦ γp,x(s) + f1 ◦ γp,x(s),
we have ∣∣∣∣ d2ds2 f1 ◦ γp,x + f1 ◦ γp,x
∣∣∣∣ ≤ |∇2f1 + f1g| ◦ γp,x.
Therefore, we get ∫ d(p,x)
0
∣∣∣∣ d2ds2 f1 ◦ γp,x + f1 ◦ γp,x
∣∣∣∣ ds ≤ δ 16 .
Moreover, by (18), the smooth map f1 ◦ γp,x : [0, d(p, x)]→ R satisfies
· |f1 ◦ γp,x(0)− f1(p)| = 0,
· | ddsf1 ◦ γp,x(0)− 0| ≤ Cδ
1
12n .
Thus, by Lemma 2.14, for all t ∈ [0, d(p, x)], we get
|f1(γp,x(t))− f1(p) cos t| ≤Cδ 112n ,
|〈∇f1, γ˙p,x(t)〉+ f1(p) sin t| ≤Cδ 112n .
In particular, for all x ∈ D(p), we get
|f1(x)− f1(p) cos d(p, x)| ≤ Cδ 112n ,
|〈∇f1(x), γ˙p,x〉+ f1(p) sin d(p, x)| ≤ Cδ 112n .
(19)
Take arbitrary x ∈ M . Similarly to p, we can take a point x˜ ∈ D(p) with
d(x, x˜) ≤ (2δ 16 /C4) 1n by Lemma 2.12 and the Bishop-Gromov inequality (Theorem
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2.13). By (19) and ‖∇f1‖∞ ≤ C, we get
|f1(x) − f1(p) cos d(p, x)|
≤|f1(x) − f1(x˜)|+ |f1(x˜)− f1(p) cos d(p, x˜)|
+ |f1(p) cos d(p, x˜)− f1(p) cos d(p, x)|
≤Cδ 112n .
Define h˜ := f1(p) cos d(p, ·). Then, we get
(20) ‖f1 − h˜‖∞ ≤ Cδ 112n ,
and so
(21)
1√
n+ 1
− Cδ 112n ≤ ‖h˜‖2 ≤ 1√
n+ 1
+ Cδ
1
12n .
Since ‖f1‖∞ ≥ ‖f1‖2 = 1√n+1 and f1(p) ≥ f1(p˜)− Cδ
1
6n ≥ −Cδ 16n , we get
(22) f1(p) ≥ 1√
n+ 1
− Cδ 112n > 0
by the definition of h˜ and (20).
Let us estimate ‖∇f1−∇h˜‖2. Decompose h˜ as h˜ =
∑∞
j=0 βjφj (βj ∈ R). Define
h1 :=
∑
λj≥n−
√
δ βjφj and h2 := h˜− h1. Then, we have
∫
M
f1h2 dµg = 0, and so,
by (20) and (21),
‖h2‖22 =
1
Vol(M)
∫
M
h˜h2 dµg
=
1
Vol(M)
∫
M
(h˜− f1)h2 dµg ≤ Cδ 112n ‖h˜‖2 ≤ Cδ 112n ‖h˜‖22.
Thus, we get
‖∇h˜‖22 ≥ (n−
√
δ)‖h1‖22 ≥ (n−
√
δ)(1− Cδ 112n )‖h˜‖22.
Moreover, by (21) we have
‖∇f1‖22 ≤ (n+
√
δ)‖f1‖22 ≤ (n+
√
δ)(1 + Cδ
1
12n )‖h˜‖22.
Therefore, we get
‖∇f1‖22 ≤ (1 + Cδ
1
12n )‖∇h˜‖22.(23)
Note that for any x ∈ Ip \{p}, we have ∇h˜(x) = −(f1(p) sin d(p, x))γ˙p,x(d(p, x)).
Thus, by ‖f1‖∞ ≤ C, for almost all point x ∈M , we have |∇h˜|(x) ≤ C.
For any x ∈ D(p), by (19) we have
Cδ
1
12n ≥ |〈∇f1(x), γ˙p,x〉+ f1(p) sind(p, x)|
≥|f1(p) sin d(p, x)| − |〈∇f1(x), γ˙p,x〉|
=|∇h˜|(x) − |〈∇f1(x), γ˙p,x〉|.
Thus, for any x ∈ D(p), using ‖∇f1‖∞ ≤ C, we get
|∇h˜|2(x) ≤
(
|〈∇f1(x), γ˙p,x〉|+ Cδ 112n
)2
≤|〈∇f1(x), γ˙p,x〉|2 + Cδ 112n ≤ |∇f1|2(x) + Cδ 112n .
(24)
To estimate ‖∇f1 −∇h˜‖2, we show that the value |∇f1 −∇h˜|(x) is small for most
of the points x ∈M in the following two claims.
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Claim 2.16. Define S :=
{
x ∈ D(p) : |∇h˜|2(x) + δ 124n ≤ |∇f1|2(x)
}
. Then, we
have Vol(S) ≤ Cδ 124n Vol(M).
Proof of Claim 2.16. By the definition of S, (23) and (24), we get
‖∇f1‖22 ≥
1
Vol(M)
∫
D(p)
|∇f1|2 dµg
≥ 1
Vol(M)
∫
D(p)\S
|∇f1|2 dµg + 1
Vol(M)
∫
S
|∇h˜|2 dµg + Vol(S)
Vol(M)
δ
1
24n
≥ 1
Vol(M)
∫
D(p)
|∇h˜|2 dµg − Cδ 112n + Vol(S)
Vol(M)
δ
1
24n
≥‖∇h˜‖22 − C
Vol(M \D(p))
Vol(M)
− Cδ 112n + Vol(S)
Vol(M)
δ
1
24n
≥ 1
1 + Cδ
1
12n
‖∇f1‖22 − Cδ
1
12n +
Vol(S)
Vol(M)
δ
1
24n .
Thus,
Vol(S)
Vol(M)
δ
1
24n ≤Cδ 112n ‖∇f1‖22 + Cδ
1
12n ≤ Cδ 112n ,
and so we get the claim. 
Claim 2.17. For any x ∈ D(p) \ S, we have |∇f1 −∇h˜|2(x) ≤ Cδ 124n .
Proof of Claim 2.17. For any x ∈ D(p) \ S, we have
(25) |∇h˜|2(x) + δ 124n > |∇f1|2(x).
Since we have
〈
∇h˜(x), γ˙p,x
〉
γ˙p,x = ∇h˜(x), we get
|∇f1 −∇h˜|2(x)
≤
∣∣∣〈∇f1(x)−∇h˜(x),∇f1(x) −∇h˜(x)− 〈∇f1(x)−∇h˜(x), γ˙p,x〉γ˙p,x〉∣∣∣
+
∣∣∣〈∇f1(x)−∇h˜(x), 〈∇f1(x)−∇h˜(x), γ˙p,x〉γ˙p,x〉∣∣∣
= |〈∇f1(x),∇f1(x)− 〈∇f1(x), γ˙p,x〉γ˙p,x〉|+
∣∣∣〈∇f1(x)−∇h˜(x), γ˙p,x〉∣∣∣2 ,
(26)
By (24) and (25),
|〈∇f1(x),∇f1(x)− 〈∇f1(x), γ˙p,x〉γ˙p,x〉|
=|∇f1|2(x)− |〈∇f1(x), γ˙p,x〉|2
≤|∇f1|2(x)− |∇h˜|2(x) + Cδ 112n ≤ Cδ 124n ,
and by (19),∣∣∣〈∇f1(x) −∇h˜(x), γ˙p,x〉∣∣∣2 =|〈∇f1(x), γ˙p,x〉+ f1(p) sin d(p, x)|2 ≤ Cδ 16n .
Thus, by (26), we get |∇f1 −∇h˜|2(x) ≤ Cδ 124n . 
Since
‖∇f1 −∇h˜‖∞ = ‖∇f1 + f1(p) sin d(p, ·)∇(d(p, ·))‖∞ ≤ C,
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we get
‖∇f1 −∇h˜‖22
=
1
Vol(M)
∫
M\D(p)
|∇f1 −∇h˜|2 dµg + 1
Vol(M)
∫
D(p)\S
|∇f1 −∇h˜|2 dµg
+
1
Vol(M)
∫
S
|∇f1 −∇h˜|2 dµg
≤Cδ 124n
by Claim 2.16 and Claim 2.17. Thus, we get
(27) ‖∇f1 −∇h˜‖2 ≤ Cδ 148n .
Let us show that f1(p) is close to 1, and complete the proof. For any x ∈ Ip\{p},
we have
f1(p)
2 = h˜(x)2 + |∇h˜|2(x),
and so ∣∣f1(p)2 − (f1(x)2 + |∇f1|2(x))∣∣
≤|f1(x)2 − h˜(x)2|+
∣∣∣|∇f1|2(x)− |∇h˜|2(x)∣∣∣
≤C|f1(x) − h˜(x)|+ C
∣∣∣∇f1(x) −∇h˜(x)∣∣∣ .
Thus, by (20), (22) and (27), we get
|f1(p)− 1|
≤ |f1(p)− 1| |f1(p) + 1|
=
∣∣f1(p)2 − (n+ 1)‖f1‖22∣∣
≤ ∣∣f1(p)2 − (‖f1‖22 + ‖∇f1‖22)∣∣+ ∣∣n‖f1‖22 − ‖∇f1‖22∣∣
≤
∣∣∣∣ 1Vol(M)
∫
M
f1(p)
2 − (f21 + |∇f1|2) dµg
∣∣∣∣+√δ‖f1‖22
≤C‖f1 − h˜‖1 + C‖∇f1 −∇h˜‖1 +
√
δ
n+ 1
≤ Cδ 148n .
This gives
‖h− h˜‖∞ ≤ Cδ 148n ,
‖∇h−∇h˜‖∞ ≤ Cδ 148n .
Thus, we have
‖f1 − h‖∞ ≤ Cδ 148n ,
‖∇f1 −∇h‖2 ≤ Cδ 148n
by (20) and (27). Therefore, we get Proposition 2.15. 
2.6. Small excess. In this subsection, we show the small excess like property
under our pinching condition. To explain this, we recall the small excess lemma for
Riemannian manifolds with Ric ≥ (n−1)g [22, Lemma 1]. The small excess lemma
asserts that if a closed Riemannian manifold (M, g) with Ric ≥ (n − 1)g has two
points p, q ∈M such that d(p, q) is close to π, then the excess
d(p, x) + d(x, q) − d(p, q)
is small for all x ∈M . Note that the classical Myers theorem and Cheng’s maximal
diameter theorem assert that we have diam(M) ≤ π under the assumption Ric ≥
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(n − 1)g, and diam(M) = π holds if and only if (M, g) is isometric to the n-
dimensional standard sphere with radius 1. The proof of the small excess lemma
relies on the Bishop-Gromov inequality:
Vol(Br(x))
Vol(M)
≥ Vol(B
Sn
r )
Vol(Sn)
holds for all x ∈ M and 0 ≤ r ≤ π, where BSnr denotes the metric ball in Sn
with radius r. Since the proof uses the positive Ricci curvature assumption deeply,
it cannot be applied to our situation immediately. To show the small excess like
property under our pinching condition, we divide the manifold to pieces such that
the small excess property holds in each pieces. More precisely, under our pinching
condition, we show that we can take finite points x0, x1, . . . , xN such that if we
define Bij for each i, j such that d(xi, xj) is close to π, to be the subset of M
consisting of the points x that satisfy the small excess property:
d(xi, x) + d(x, xj)− d(xi, xj)
is small, then we have
⋃
Bij =M (see Proposition 2.19 for details).
The following lemma is standard.
Lemma 2.18. For all t ∈ R, we have
1− 1
2
t2 ≤ cos t ≤ 1− 1
2
t2 +
1
24
t4.
For any t ∈ [−π, π], we have cos t ≤ 1 − 19 t2, and so |t| ≤ 3(1 − cos t)
1
2 . For any
t1, t2 ∈ [0, π], we have |t1 − t2| ≤ 3| cos t1 − cos t2| 12 .
Let us show the small excess like property under our pinching condition.
Proposition 2.19. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exist positive constants N3(n,K,D) > 0 and 0 < δ2(n,K,D) ≤ δ1
such that the following properties hold. Take a positive real number 0 < δ ≤ δ2.
Let (M, g) be an n-dimensional closed Riemannian manifold with Ric ≥ −Kg and
diam(M) ≤ D. Suppose that a non-zero function f ∈ C∞(M) satisfies ‖∇2f +
fg‖2 ≤ δ‖f‖2. Take a point p ∈ M of Proposition 2.15. Then, we have following
properties.
(i) For each m ∈ Z>0, we define
Am := {x ∈M : mπ − δ 1100n ≤ d(p, x) ≤ mπ + δ 1100n }.
Then, A1 6= ∅. Define a relation ∼ on Am by
x ∼ y :⇐⇒ d(x, y) < δ 1200n2 ,
for x, y ∈ Am. Then, ∼ is an equivalence relation on Am. Moreover,
we can choose finite points x1, . . . , xN ∈ M (N ≤ N3) such that each xi
(i = 1, . . . , N) is an element of Ami for some mi ∈ Z>0 and
∞⋃
m=1
Am/ ∼= {[x1], . . . , [xN ]}
holds.
(ii) For all i = 1, . . . , N , we have
‖f1 − (−1)mi
√
n+ 1‖f1‖2 cos d(xi, ·)‖∞ ≤ Cδ
1
75n2 ‖f1‖2,
where we put f1 := T(n,δ)(f).
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(iii) We set x0 := p. For each i, j = 0, . . . , N (i 6= j), there exists a positive
integer kij ∈ Z>0 such that
|d(xi, xj)− πkij | ≤ δ
1
200n2 .
Moreover, if (−1)mi = (−1)mj , then kij is even, and if (−1)mi = −(−1)mj ,
then kij is odd.
(iv) For each i, j = 0, . . . , N such that |d(xi, xj)− π| ≤ δ
1
200n2 , we define
Bij := {x ∈M : d(xi, x) + d(x, xj) ≤ d(xi, xj) + δ
1
250n2 },
B˜ij := {x ∈ Bij : d(x, xi) > 3δ
1
250n2 and d(x, xj) > 3δ
1
250n2 }.
Then, M =
⋃
ij Bij holds, B˜ij is an open subset of M for each i, j, and
B˜ij ∩Bkl = ∅ if {k, l} 6= {i, j}.
(v) Suppose that i, j, k = 0, . . . , N satisfy j 6= k, |d(xi, xj)− π| ≤ δ
1
200n2 and
|d(xi, xk)− π| ≤ δ
1
200n2 . Then, for any x ∈ Bij and y ∈ Bik, we have
d(x, y) ≥ d(x, xi) + d(xi, y)− 5δ
1
250n2 .
Proof. We first assume δ ≤ δ1. Set f1 := T(n,δ)(f). We can assume ‖f1‖22 = 1n+1 .
Take a point p ∈ M of Proposition 2.15 and set h := cos d(p, ·). Considering −f ,
we can take a point q ∈M with |f1(q) + 1| ≤ Cδ 148n .
Claim 2.20. There exists a positive constant η(n,K,D) > 0 such that the following
property holds. If δ ≤ η, then we have d(p, q) ≥ π − δ 1100n . In particular, we have
A1 6= ∅.
Proof of Claim 2.20. We have
|1− cos(d(p, q)− π)| = |1 + cos d(p, q)| ≤ |1 + f1(q)|+ |f1(q)− h(q)| ≤ Cδ 148n .
Take an integer mq ≥ 0 with d(p, q)− π− 2mqπ ∈ [−π, π]. By Lemma 2.18, we get
|d(p, q)− π − 2mqπ| ≤ Cδ 196n ,
and so
d(p, q) ≥ π − Cδ 196n .
Thus, we get the claim. 
Let us show that, for all point x ∈ M , there exists a nice point close to x such
that the value of |∇f1 −∇h| is small at the point.
Claim 2.21. There exists a positive constant η(n,K,D) > 0 such that the following
property holds. Suppose that δ ≤ η. For all x ∈ M , there exists a point x˜ ∈
B
δ
1
75n2
(x) ∩ (Ip \ {p}) ∩Q with |∇f1 −∇h|(x˜) ≤ δ
1
75n2 .
Proof of Claim 2.21. Take arbitrary x ∈M . Suppose that, for all x˜ ∈ B
δ
1
75n2
(x) ∩
(Ip \ {p}), we have either x˜ /∈ Q or |∇f1 −∇h|(x˜) ≥ δ
1
75n2 . By the Bishop-Gromov
inequality (Theorem 2.13), we get Vol
(
B
δ
1
75n2
(x)
)
≥ C4δ 175n Vol(M), and so we
have at least one of the following:
(a) Vol(M \Q) ≥ 12C4δ
1
75n Vol(M).
(b) Vol
(
{x˜ ∈ Ip \ {p} : |∇f1 −∇h|(x˜) ≥ δ
1
75n2 }
)
≥ 12C4δ
1
75n Vol(M).
If (a) holds, then by Lemma 2.12, C3δ
1
6 ≥ 12C4δ
1
75n , and so δ
1
4n ≥ C. If (b) holds,
then by Proposition 2.15,
1
2
C4δ
n+1
75n2 ≤ ‖∇f1 −∇h‖1 ≤ Cδ 148n ≤ Cδ
n+1
72n2 ,
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and so δ
1
600n2 ≥ C. Taking η sufficiently small, the above situation cannot occur.
Thus, we get the claim. 
Let us show that our function f1 is almost cosine function of the distance from
the point in Am similarly to Proposition 2.15 using Claim 2.21.
Claim 2.22. For any point x ∈ Am (m ∈ Z>0), we have
‖f1 − (−1)m cos d(x, ·)‖∞ ≤ Cδ
1
75n2 .
Proof of Claim 2.22. Take arbitrary x ∈ Am. By Claim 2.21, we can take a point
x˜ ∈ B
δ
1
75n2
(x) ∩ (Ip \ {p}) ∩ Q with |∇f1 − ∇h|(x˜) ≤ δ
1
75n2 . Then, we have
|d(p, x˜)−mπ| ≤ 2δ 175n2 , and so by Proposition 2.15,
|f1(x˜)− (−1)m| ≤ |h(x˜)− cosmπ|+ Cδ 148n ≤ Cδ
1
75n2 ,
|∇f1(x˜)| ≤ |∇h(x˜)|+ δ
1
75n2 ≤ 3δ 175n2 .
Thus, similarly to (20) in Proposition 2.15, we get the claim. 
Note that we also have
‖f1 − cos (.p, ·)‖∞ ≤ Cδ
1
75n2 .
Let us show that the distance between the points in Am and Am′ is almost
integer multiple of π.
Claim 2.23. There exists a positive constant η(n,K,D) > 0 such that the following
property holds. Suppose that δ ≤ η. Define A0 := {p}. For each m,m′ ∈ Z≥0,
x ∈ Am and y ∈ Am′ , there exists an integer k ∈ Z≥0 such that
|d(x, y)− πk| ≤ δ 1200n2 .
Moreover, if (−1)m = (−1)m′ , then k is even, and if (−1)m = −(−1)m′ , then kij
is odd.
Proof of Claim 2.23. By Proposition 2.15, we have∣∣∣f1(y)− (−1)m′ ∣∣∣ ≤Cδ 148n + (1− cos(d(p, y)−m′π)) ≤ Cδ 1100n .
Thus, by Claim 2.22, we get∣∣∣1− (−1)m+m′ cos d(x, y)∣∣∣
≤
∣∣∣f1(y)− (−1)m′∣∣∣+ |f1(y)− (−1)m cos d(x, y)| ≤ Cδ 175n2 .
Take an integer k˜ ∈ Z such that d(x, y) + (m +m′)π − 2k˜π ∈ [−π, π]. Then, by
Lemma 2.18, we get ∣∣∣d(x, y) + (m+m′)π − 2k˜π∣∣∣ ≤ Cδ 1150n2 .
Putting k = 2k˜ − (m+m′), we get the claim. 
The purpose of the following two claims is to prove (i).
Claim 2.24. The relationship ∼ is an equivalence relation on Am for all m ∈ Z>0.
Proof of Claim 2.24. Suppose that, x ∈ Am and y ∈ Am satisfy d(x, y) > δ
1
200n2 .
Then, by Claim 2.23, there exists a positive integer k ∈ Z>0 such that
|d(x, y)− 2πk| ≤ δ 1200n2 .
In particular, d(x, y) ≥ 2π − δ 1200n2 holds.
If x ∼ y and y ∼ z (x, y, z ∈ Am), then d(x, z) ≤ 2δ
1
200n2 , and so d(x, z) ≤
δ
1
200n2 . 
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Claim 2.25. There exists a positive constant N3(n,K,D) > 0 such that
Card
( ∞⋃
m=1
Am/ ∼
)
≤ N3.
Proof of Claim 2.25. Take equivalent classes [x1], . . . , [xl] ∈
⋃∞
m=1Am/ ∼ ([xi] 6=
[xj ] when i 6= j). Then, by Claim 2.23, we have d(xi, xj) ≥ π2 when i 6= j. Thus,
Bpi
4
(xi) ∩ Bpi4 (xj) = ∅ when i 6= j. Therefore, by the Bishop-Gromov inequality
(Theorem 2.13),
Vol(M) ≥
l∑
i=1
Vol(Bpi
4
(xi)) ≥ lC4
(π
4
)n
Vol(M).
Putting N3(n,K,D) := (4/π)
n /C4, we get the claim. 
Define N := Card (
⋃∞
m=1Am/ ∼). Take points x1, . . . , xN ∈ M such that each
xi (i = 1, . . . , N) is an element of Ami for some mi ∈ Z>0, and
∞⋃
m=1
Am/ ∼= {[x1], . . . , [xN ]}
holds. We get (ii) by Claim 2.22. We set x0 := p. Using Claim 2.23, for each
i, j = 0, . . . , N (i 6= j), we define a positive integer kij ∈ Z>0 to be
|d(xi, xj)− πkij | ≤ δ
1
200n2 .
If (−1)mi = (−1)mj , then kij is even, and if (−1)mi = −(−1)mj , then kij is
odd. This gives (iii). Note that if |d(xi, xj)− π| ≤ δ
1
200n2 , then mi = mj + 1 or
mi = mj − 1. For each i, j = 0, . . . , N with |d(xi, xj)− π| ≤ δ
1
200n2 , we define
Bij := {x ∈M : d(xi, x) + d(x, xj) ≤ d(xi, xj) + δ
1
250n2 },
B˜ij := {x ∈ Bij : d(x, xi) > 3δ
1
250n2 and d(x, xj) > 3δ
1
250n2 }.
The purpose of the following three claims is to show that M =
⋃
ij Bij . To do this,
if M 6= ⋃ij Bij , we apply Lemma 2.10 to the subset interior(F ) ⊂ M , where the
subset F is defined in the proof of Claim 2.28 and d(x, xi) ≥ δ
1
210n2 holds for all
i = 0, . . . , N and x ∈ F . Then, we show that the gradient |∇f1| is small at the
almost minimum point of f1 in interior(F ), and f1 is an almost cosine function of
the distance from the point. This implies that the point is close to xi for some i,
and contradicts to the definition of F . The following claim, which asserts that the
points in M \⋃ij Bij are not so close to xi for any i, is the first step to justify the
above argument.
Claim 2.26. There exists a positive constant η(n,K,D) > 0 such that the following
property holds. Suppose that δ ≤ η. We have d(x, xi) > δ
1
225n2 for all x /∈ ⋃jk Bjk
and i = 0, . . . , N . In particular, Am \
⋃
ij Bij = ∅ for all m ∈ Z≥0.
Proof of Claim 2.26. We can assume that 2δ
1
225n2 ≤ δ 1250n2 .
Take arbitrary x ∈ M such that d(x, xi) ≤ δ
1
225n2 holds for some i = 0, . . . , N .
For all z ∈M , we get
(28) d(xi, x) + d(x, z) ≤ 2d(xi, x) + d(xi, z) ≤ δ
1
250n2 + d(xi, z).
If i = 0, we take j = 1, . . . , N with xj ∈ A1. Then, we have |d(xi, xj)− π| ≤ δ 1100n .
If i ≥ 1, we take j = 0, . . . , N as follows. There exists a point t ∈ [0, d(p, xi)] with
γp,xi(t) ∈ Ami−1. We take j = 0, . . . , N with [xj ] = [γp,xi(t)]. Then, we have
d(p, γp,xi(t)) + d(γp,xi(t), xi) = d(p, xi).
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Thus, by xj ∼ γp,xi(t), we get
d(xi, xj) ≤ d(xi, γp,xi(t)) + d(γp,xi(t), xj) =d(p, xi)− d(p, γp,xi(t)) + d(γp,xi(t), xj)
≤π + 2δ 1100n + δ 1200n2 < π + 3δ 1200n2 .
By Claim 2.23, we get |d(xi, xj)− π| ≤ δ
1
200n2 . For both cases, |d(xi, xj)− π| ≤
δ
1
200n2 holds. Putting z = xj into (28), we get x ∈ Bij . Thus, we get the claim. 
Let us estimate the distance d(x, xj) for x /∈
⋃
kl Bkl.
Claim 2.27. There exists a positive constant η(n,K,D) > 0 such that the following
property holds. Suppose that δ ≤ η. For all x /∈ ⋃kl Bkl, there exists i = 0, . . . , N
such that
δ
1
225n2 ≤ d(x, xi) ≤ π + δ
1
200n2 ,
d(x, xj) ≥ π + δ
1
220n2 for all j with (−1)mi = −(−1)mj .
Proof of Claim 2.27. Take arbitrary x /∈ ⋃kl Bkl. We first prove that there exists
i = 0, . . . , N with d(xi, x) ≤ π+δ
1
200n2 . Take an integerm ∈ Z≥0 with d(p, x)−mπ ∈
[0, π]. By Claim 2.26, we have x /∈ Am and x /∈ Am+1. Thus, d(p, x) − mπ ∈
[δ
1
100n , π − δ 1100n ]. There exists a point t ∈ [0, d(p, x)] with γp,x(t) ∈ Am. Take
i = 0, . . . , N with [xi] = [γp,x(t)]. Since we have d(p, x) = d(p, γp,x(t))+d(γp,x(t), x),
we get
d(xi, x) ≤d(γp,x(t), xi) + d(γp,x(t), x)
≤d(p, x)− d(p, γp,x(t)) + δ
1
200n2 ≤ π + δ 1200n2 .
We fix an i = 0, . . . , N with d(xi, x) ≤ π+δ
1
200n2 . Take arbitrary j with (−1)mi =
−(−1)mj .
We first consider the case kij ≥ 3. Then, we get
(29) d(x, xj) ≥ d(xi, xj)− d(x, xi) ≥ 2π − 2δ
1
200n2 ≥ π + δ 1220n2 .
We next consider the case kij = 1. By Claim 2.22 and mi = mj ± 1,
|f1(x) − (−1)mi cos d(xi, x)| ≤Cδ
1
75n2 ,
|f1(x) + (−1)mi cos d(xj , x)| ≤Cδ
1
75n2 .
Thus, we get
|cos d(xi, x) + cos d(xj , x)| ≤ Cδ
1
75n2 .
We consider the following five cases:
(a) δ
1
225n2 ≤ d(xi, x) ≤ π and δ
1
225n2 ≤ d(xj , x) ≤ π hold.
(b) π < d(xi, x) ≤ π + δ
1
200n2 and δ
1
225n2 ≤ d(xj , x) ≤ π hold.
(c) δ
1
225n2 ≤ d(xi, x) ≤ π and π < d(xj , x) ≤ 2π hold.
(d) π < d(xi, x) ≤ π + δ
1
200n2 and π < d(xj , x) ≤ 2π hold.
(e) d(xj , x) > 2π holds.
We can show that the cases (a) and (b) cannot occur, and d(x, xj) ≥ π + δ
1
220n2
holds for the cases (c), (d) and (e), and so we get the claim. We only prove the
assertion for the case (c). Similarly to the case (c), we can show that the case (a)
contradicts to the assumption x /∈ Bij , the case (b) contradicts to Claim 2.26, and
the assertion holds for the case (d). The assertion is trivial for the case (e).
Suppose that the case (c) holds. Since |cos d(xi, x) − cos(d(xj , x)− π)| ≤ Cδ
1
75n2 ,
we get
|π + d(xi, x)− d(xj , x)| ≤ Cδ
1
150n2 ,
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by Lemma 2.18. Thus, we get
d(xj , x) ≥ d(xi, x) + π − Cδ
1
150n2 ≥ π + δ 1225n2 − Cδ 1150n2 ≥ π + δ 1220n2 .
Thus, we get the assertion for the case (c). 
Let us complete the proof of the assertion
⋃
kl Bkl =M .
Claim 2.28. There exists a positive constant η(n,K,D) > 0 such that the following
property holds. If δ ≤ η, then ⋃kl Bkl =M .
Proof of Claim 2.28. Suppose that
⋃
kl Bkl 6= M . We fix a point y0 /∈
⋃
kl Bkl and
i = 0, . . . , N of Claim 2.27. By Claim 2.22 and Lemma 2.18, we have
(−1)mif1(y0) ≤ cos d(xi, y0) + Cδ
1
75n2 ≤ cos δ 1225n2 + Cδ 175n2
≤1− 1
9
δ
2
225n2 + Cδ
1
75n2 .
(30)
Define
F :=
{
y ∈M : d(y, xj) ≥ δ
1
210n2 for j such that (−1)mj = (−1)mi , and
d(y, xj) ≥ π + δ 1210n2 for j such that (−1)mj = −(−1)mi
}
.
F˜ :=
{
y ∈M : d(y, xj) ≥ δ
1
215n2 for j such that (−1)mj = (−1)mi , and
d(y, xj) ≥ π + δ
1
215n2 for j such that (−1)mj = −(−1)mi
}
.
Then, we have F˜ ⊂ interior(F ) and y0 ∈ F˜ .
In the following, we take points y1, y2, y3 ∈M . For the reader’s convenience, we
list how we take them and give a brief sketch of the proof of the claim here.
• We take y1 ∈ F˜ so that (−1)mif1(y1) = miny∈F˜ (−1)mif1(y).
• We take y2 ∈ F\interior(F ) so that ((−1)mif1−(−1)mif1(y1)+δ 16n )−2|∇f1|2
takes its maximum value at y2 in F when the function does not take its
maximum in interior(F ).
• We take y3 ∈ Q ∩ interior(F ) so that d(y1, y3) ≤
(
2C3δ
1
6 /C4
) 1
n
.
We first show that miny∈F (−1)mif1(y) = miny∈F˜ (−1)mif1(y), and so y1 is the local
minimum point of f1. Then, we show that |∇f |(y3) is small by using Lemma 2.10.
Similarly to (20) in Proposition 2.15, we get that f1 is close to f1(y3) cos d(y3, ·)
in L∞ sense. This gives that |f1(y3)| is close to 1, and y3 is close to xj for some
j = 0, . . . , N . This contradicts to y3 ∈ F .
We return to the proof. For any y ∈ F \ F˜ , we have either
δ
1
210n2 ≤ d(y, xj) < δ
1
215n2 for some j with (−1)mj = (−1)mi , or
π + δ
1
210n2 ≤ d(y, xj) < π + δ 1215n2 for some j with (−1)mj = −(−1)mi ,
and so, by Claim 2.22 and Lemma 2.18,
(−1)mif1(y) ≥ cos δ
1
215n2 − Cδ 175n2 ≥ 1− Cδ 2215n2 .(31)
We can assume that 19δ
2
225n2 ≥ Cδ 2215n2 +Cδ 175n2 + δ 175n2 . Then, by (30) and (31),
(32) (−1)mif1(y)− (−1)mif1(y0) ≥ δ
1
75n2
for all y ∈ F \ F˜ . In particular, we get
min
y∈F
(−1)mif1(y) = min
y∈F˜
(−1)mif1(y).
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Take a point y1 ∈ F˜ such that (−1)mif1(y1) = miny∈F˜ (−1)mif1(y). We first sup-
pose that the function on F , ((−1)mif1 − (−1)mif1(y1) + δ 16n )−2|∇f1|2 takes its
maximum value at some point in interior(F ). By Lemma 2.10, we have
|∇f1|2 ≤ C
δ
1
6n
(
(−1)mif1 − (−1)mif1(y1) + δ 16n
)2
on interior(F ). We next suppose that ((−1)mif1 − (−1)mif1(y1) + δ 16n )−2|∇f1|2
takes its maximum value at some point y2 ∈ F \ interior(F ). By (32), we have
(−1)mif1(y2)− (−1)mif1(y1) + δ 16n ≥ (−1)mif1(y2)− (−1)mif1(y0) ≥ δ
1
75n2
and so, we get
|∇f1|2 ≤ C
δ
2
75n2
(
(−1)mif1 − (−1)mif1(y1) + δ 16n
)2
on F by ‖∇f‖∞ ≤ C. Thus, we get
|∇f1|2 ≤ C
δ
1
6n
(
(−1)mif1 − (−1)mif1(y1) + δ 16n
)2
on interior(F ) for both cases. There exists a point y3 ∈ Q with d(y1, y3) ≤(
2C3δ
1
6 /C4
) 1
n
. We can assume that δ
1
215n2 −
(
2C3δ
1
6 /C4
) 1
n
> δ
1
210n2 . Then,
we have y3 ∈ interior(F ). Thus, we get
|∇f1|(y3) ≤ Cδ 112n .
Therefore, similarly to (20) in Proposition 2.15, for all x ∈M ,
|f1(x)− f1(y3) cos d(y3, x)| ≤ Cδ 112n ,
and so
|cos d(p, x) − f1(y3) cos d(y3, x)| ≤ Cδ 148n .
Putting x = p, we get
(33) |1− f1(y3) cos d(p, y3)| ≤ Cδ 148n ,
and so
1 ≤ |f1(y3)|+ Cδ 148n .
Putting x = y3, we get
|cos d(p, y3)− f1(y3)| ≤ Cδ 148n ,
and so
|f1(y3)| ≤ 1 + Cδ 148n .
Thus, we get
(34) |1− |f1(y3)|| ≤ Cδ 148n .
Take τ ∈ {0, 1} such that |f1(y3)| = (−1)τf1(y3). By (33) and (34), we get
|1− cos(d(p, y3) + τπ)| ≤ Cδ 148n .
Take an integer k ∈ Z such that d(p, y3) + τπ − 2kπ ∈ [−π, π]. Then, k ≥ τ . By
Lemma 2.18,
|d(p, y3)− (2k − τ)π| ≤ Cδ 196n .
We can assume that Cδ
1
96n ≤ δ 1100n . If 2k = τ , then τ = 0 and d(p, y3) ≤ δ 1100n .
This contradicts to y3 ∈ F . If 2k > τ , then y3 ∈ A2k−τ , and so d(y3, xj) ≤ δ
1
200n2
for some j = 1, . . . , N . This also contradicts to y3 ∈ F . Therefore, we get
⋃
kl Bkl =
M . 
The purpose of the following two claims is to prove the remaining part of (iv).
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Claim 2.29. There exists a positive constant δ2(n,K,D) > 0 such that the follow-
ing property holds. Suppose that δ ≤ δ2. For any x ∈M with d(x, xi) ≤ π − δ
1
250n2
for some i = 0, . . . , N , we have B
δ
1
200n2
(x) ∩ Bkl = ∅ for any k, l = 0, . . . , N with
i 6= k and i 6= l.
Proof of Claim 2.29. We can assume that 5δ
1
2002 ≤ δ 1250n2 .
Take arbitrary y ∈ B
δ
1
200n2
(x) and k, l = 0, . . . , N with i 6= k, i 6= l and
|d(xk, xl)− π| ≤ δ
1
200n2 . Then,
d(xk, y) + d(y, xl) ≥d(xk, xi) + d(xi, xl)− 2d(y, xi)
>π + 2δ
1
250n2 − 4δ 1200n2 ≥ d(xk, xl) + δ
1
250n2
by (iii), and so y /∈ Bkl. Thus, we get the claim. 
Claim 2.30. We have that B˜ij is an open subset of M for each i, j, and B˜ij∩Bkl =
∅ holds if {k, l} 6= {i, j}.
Proof of Claim 2.30. Take arbitrary x ∈ B˜ij . Take 0 < r < δ
1
200n2 such that
d(x, xi)− r > 3δ
1
250n2 and d(x, xj)− r > 3δ
1
250n2 . Then,
d(x, xi) ≤ d(xi, xj)− d(xj , x) + δ
1
250n2 ≤ π − δ 1250n2 .
Similarly, d(x, xj) ≤ π − δ
1
250n2 . Thus, by Claim 2.29,
(35) Br(x) ∩Bkl = ∅
for any k, l = 0, . . . , N with {k, l} 6= {i, j}, and so Br(x) ⊂ Bij by Claim 2.28. Since
d(y, xi) > 3δ
1
250n2 and d(y, xj) > 3δ
1
250n2 for all y ∈ Br(x), we have Br(x) ⊂ B˜ij .
Thus, B˜ij is open. Moreover, (35) implies B˜ij ∩ Bkl = ∅ for any k, l = 0, . . . , N
with {k, l} 6= {i, j}. 
Finally, we show (v).
Claim 2.31. Suppose that numbers i, j, k = 0, . . . , N satisfy j 6= k, |d(xi, xj)− π| ≤
δ
1
200n2 and |d(xi, xk)− π| ≤ δ
1
200n2 . Then, for any x ∈ Bij and y ∈ Bik, we have
d(x, y) ≥ d(x, xi) + d(xi, y)− 5δ
1
250n2 .
Proof of Claim 2.31. We have
d(xj , xk) ≥2π − δ
1
200n2 ,
d(xj , x) ≤d(xi, xj)− d(xi, x) + δ
1
250n2 ≤ π − d(xi, x) + 2δ
1
250n2 ,
d(xk, y) ≤d(xi, xk)− d(xi, y) + δ
1
250n2 ≤ π − d(xi, y) + 2δ
1
250n2 .
Thus, we get
d(x, y) ≥ d(xj , xk)− d(xj , x)− d(xk, y) ≥ d(x, xi) + d(xi, y)− 5δ 1250n2 .
This gives the claim. 
These claims imply Proposition 2.19. 
We consider the case N = 1 in Proposition 2.19 and give the diameter estimate.
Proposition 2.32. Take an integer n ≥ 2 and positive real numbers K > 0, D > 0
and 0 < δ ≤ δ2. Let (M, g) be an n-dimensional closed Riemannian manifold with
Ric ≥ −Kg and diam(M) ≤ D. Suppose that a non-zero function f ∈ C∞(M)
satisfies ‖∇2f + fg‖2 ≤ δ‖f‖2. Take a point p ∈ M of Proposition 2.15 and
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suppose that N = 1 in Proposition 2.19. Then, |diam(M)− π| ≤ 2δ 1250n2 and there
exists a point q ∈M such that
|d(p, q)− π| ≤δ 1200n2 ,
d(p, x) + d(x, q) ≤d(p, q) + δ 1250n2 for all x ∈M.
Proof. Putting q = x1, we have |d(p, q) − π| ≤ δ
1
200n2 and d(p, x) + d(x, q) ≤
d(p, q) + δ
1
250n2 for all x ∈M by Proposition 2.19. Take arbitrary x, y ∈M . Then,
d(x, y) ≤ d(x, p) + d(p, y) ≤2d(p, q)− d(x, q) − d(y, q) + 2δ 1250n2
≤2π − d(x, q) − d(y, q) + 4δ 1250n2 .
If d(x, q) + d(y, q) ≥ π + 2δ 1250n2 , then d(x, y) ≤ π + 2δ 1250n2 . If d(x, q) + d(y, q) <
π+2δ
1
250n2 , then d(x, y) < π+2δ
1
250n2 . For both cases, we get d(x, y) ≤ π+2δ 1250n2 ,
and so diam(M) ≤ π+2δ 1250n2 . Since d(p, q) ≥ π− δ 1200n2 , we get |diam(M)− π| ≤
2δ
1
250n2 . 
We can apply the Cheeger-Colding result [7] to each Bij of Proposition 2.19.
Then, we get that each Bij is close to the spherical suspension. Moreover, we can
show that we always have N = 1. See Appendix A for details. Note that our proofs
of the main theorems does not rely on that result, and we give easier proof of N = 1
under the pinching condition of Main Theorem 1’ (see the proof of Lemma 3.9).
3. Pinching condition on a subspace of C∞(M)
The goal of this section is to show that if an n-dimensional closed Riemannian
manifold (M, g) with Ric ≥ −Kg and diam(M) ≤ D (K,D > 0) admits an (n+1)-
dimensional subspace V ⊂ C∞(M) such that ‖∇2f + fg‖2 ≤ δ‖f‖2 holds for all
f ∈ V , then the map Ψ: M → Sn ⊂ Rn+1 defined by
Ψ :=
1(∑n+1
s=1 f
2
s
)1/2 (f1, . . . , fn+1)
is an approximation map, where f1, . . . , fn+1 ∈ T(n,δ)(V ) satisfy
‖fs‖22 =
1
n+ 1
,
∫
M
fsft dµg = 0 for s, t = 1, . . . , n+ 1 with s 6= t.
Our assumption in this section is stronger than that of Main Theorem 1’, and we
weaken the assumption “an (n + 1)-dimensional subspace V ⊂ C∞(M)” to “an
n-dimensional subspace V ⊂ C∞(M)” in section 4.
3.1. The δ-pinching condition. Let us give the definition of the pinching condi-
tion that we deal with in this section.
Definition 3.1. For a closed Riemannian manifold (M, g), a positive real number
δ > 0 and a subspace V ⊂ C∞(M), we say that V satisfies the δ-pinching condition
if ‖∇2f + fg‖2 ≤ δ‖f‖2 holds for all f ∈ V .
Remark 3.1. Let (M, g) be an n-dimensional closed Riemannian manifold. If a
subspace V ⊂ C∞(M) satisfies the δ-pinching condition and 0 < δ ≤ 18n3 , then
T(n,δ) is injective on V by Lemma 2.8. If a subspace V ⊂ C∞(M) satisfies the
δ-pinching condition, for all f1 ∈ T(n,δ)(V ), there exists f ∈ V such that f1 =
T(n,δ)(f) holds, and we can apply Proposition 2.15 and Proposition 2.19 for f . To
express this procedure, we simply say “Proposition 2.15 (or Proposition 2.19) for
f1”.
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Lemma 3.2. Take an integer n ≥ 2 and positive real numbers K > 0, D > 0
and 0 < δ ≤ δ2. Let (M, g) be an n-dimensional closed Riemannian manifold
with Ric ≥ −Kg and diam(M) ≤ D. Suppose that a 2-dimensional subspace V ⊂
C∞(M) satisfies the δ-pinching condition. Take non-zero elements f1, f2 ∈ V . For
fs (s = 1, 2), we use the notation N
s of Proposition 2.19. Then, if N1 = 1, we
have N2 = 1.
Proof. If N1 = 1, then diam(M) ≤ π + 2δ 1250n2 by Proposition 2.32. If N2 ≥ 2,
then diam(M) ≥ 2π − δ 1200n2 . Thus, we get N2 = 1. 
Definition 3.3. Take an integer n ≥ 2 and positive real numbers K > 0, D > 0
and 0 < δ ≤ δ2. Let (M, g) be an n-dimensional closed Riemannian manifold with
Ric ≥ −Kg and diam(M) ≤ D. Suppose that a subspace V ⊂ C∞(M) satisfies the
δ-pinching condition. We say that V satisfies N(V ) = 1 if N = 1 holds for some
(and so, for all) non-zero element of V .
3.2. The approximation map. In this subsection, we construct an approxima-
tion map from the manifold to the standard sphere under our pinching condition.
Notation 3.4. Let dSn denotes the intrinsic distance function on S
n with radius 1.
We consider the standard embedding Sn ⊂ Rn+1. Let dRn+1 denotes the standard
distance function on Rn+1.
The following lemma is standard.
Lemma 3.5. For all x, y ∈ Sn ⊂ Rn+1, we have dRn+1(x, y) ≤ dSn(x, y) ≤
3dRn+1(x, y).
Let us show that if an (n + 1)-dimensional subspace V ⊂ C∞(M) satisfies
the δ-pinching condition, then the image of the map Ψ˜ : M → Rn+1 defined by
Ψ˜ := (f1, . . . , fn+1) is close to S
n, where {f1, . . . , fn+1} is a orthonormal basis of
T(n,δ)(V ) in L
2 sense. The following lemma corresponds to [32, Lemma 5.2].
Lemma 3.6. Given an integer n ≥ 2 and positive real numbers K > 0 and D > 0,
there exists a positive constant C(n,K,D) > 0 such that the following property
holds. Take a positive real number 0 < δ ≤ δ2. Let (M, g) be an n-dimensional
closed Riemannian manifold with Ric ≥ −Kg and diam(M) ≤ D. Suppose that
an (n+ 1)-subspace V ⊂ C∞(M) satisfies the δ-pinching condition. Take elements
fs ∈ T(n,δ)(V ) (s = 1, . . . , n+ 1) such that
‖fs‖22 =
1
n+ 1
,
∫
M
fsft dµg = 0 for s, t = 1, . . . , n+ 1 with s 6= t.
Define Ψ˜ : M → Rn+1 by Ψ˜(x) := (f1(x), . . . , fn+1(x)). Then, we have
∣∣∣1− |Ψ˜(x)|∣∣∣ ≤
Cδ
1
48n2 for all x ∈M .
Proof. By Proposition 2.15, for each s = 1, . . . , n+1, there exists ps ∈M such that
‖fs − hs‖∞ ≤ Cδ 148n ,
‖∇fs −∇hs‖2 ≤ Cδ 148n ,
where we put hs := cosd(ps, ·).
We first show the following claim.
Claim 3.7. For all a ∈M , we have |Ψ˜(a)| ≤ 1 + Cδ 148n .
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Proof of Claim 3.7. Take arbitrary a ∈ M . Put F := ∑n+1s=1 fs(a)fs. Then, we
have ‖F‖22 = |Ψ˜(a)|
2
n+1 and F ∈ T(n,δ)(V ). Thus, by Proposition 2.15, there exists
p ∈M such that
‖F − |Ψ˜(a)| cos d(p, ·)‖∞ ≤ |Ψ˜(a)|Cδ 148n .
Since F (a) = |Ψ˜(a)|2, we get |Ψ˜(a)| ≤ 1 + Cδ 148n . 
We need the following claim [32, Theorem 7.1]. Note that our sign convention
of the Laplacian is different from [34].
Claim 3.8. For a smooth functions u ∈ C∞(M) and a non-negative continuous
function f with ∆u ≤ f , we have
u ≤ C(n,K,D)‖f‖n + 1
VolM
∫
M
u dµg.
We use this claim for u = |Ψ˜|2 and u = −|Ψ˜|2. We compute ∆|Ψ˜|2.
∆|Ψ˜|2 =∆
n+1∑
s=1
f2s
=2
n+1∑
s=1
fs∆fs − 2
n+1∑
s=1
|∇fs|2
=2
n+1∑
s=1
(∆fs − nfs)fs + 2(n+ 1)(|Ψ˜|2 − 1)− 2
n+1∑
s=1
(|∇fs|2 + f2s − 1).
(36)
We estimate each component.
We first estimate ‖(∆fs−nfs)fs‖∞. Put fs =
∑∞
t=1 αstφt. Then, for each s, we
have
‖∆fs − nfs‖∞ ≤
√
δ
∞∑
t=1
|αst|‖φt‖∞ ≤ C
√
δ.
Thus, we get
(37) ‖(∆fs − nfs)fs‖∞ ≤ C
√
δ.
We next estimate ‖|Ψ˜|2 − 1‖n. For x ∈ M with |Ψ˜(x)|2 − 1 < 0, we have
||Ψ˜(x)|2− 1| = 1− |Ψ˜(x)|2. For x ∈M with |Ψ˜(x)|2− 1 ≥ 0, by Claim 3.7, we have
||Ψ˜(x)|2− 1| = |Ψ˜(x)|2− 1 ≤ Cδ 148n ≤ 1−|Ψ˜(x)|2+Cδ 148n . For both cases, we have
||Ψ˜(x)|2 − 1| ≤ 1− |Ψ˜(x)|2 + Cδ 148n . Combining this and ‖Ψ˜‖2 = 1, we get
‖|Ψ˜|2 − 1‖1 ≤ Cδ 148n .
Since ‖|Ψ˜|2 − 1‖∞ ≤ C, we get
‖|Ψ˜|2 − 1‖nn ≤ C‖|Ψ˜|2 − 1‖1 ≤ Cδ
1
48n .
Thus, we get
(38) ‖|Ψ˜|2 − 1‖n ≤ Cδ
1
48n2 .
Finally, we estimate ‖|∇fs|2 + f2s − 1‖n. For almost all point in M , we have
||∇fs|2 + f2s − 1| ≤||∇fs|2 − |∇hs|2|+ |f2s − h2s|
≤C|∇fs −∇hs|+ C|fs − hs| ≤ C.
Thus, we get
‖|∇fs|2 + f2s − 1‖nn ≤C‖|∇fs|2 + f2s − 1‖1 ≤ Cδ
1
48n .
EIGENVALUE PINCHING WITHOUT POSITIVE RICCI 31
Therefore, we get
(39) ‖|∇fs|2 + f2s − 1‖n ≤ Cδ
1
48n2 .
By (36), (37), (38) and (39), we get
‖∆|Ψ˜|2‖n ≤ Cδ
1
48n2 .
Thus, by Claim 3.8, we get ||Ψ˜(x)| − 1| ≤ ||Ψ˜(x)|2 − 1| ≤ Cδ 148n2 . 
Let us show the normalized map Ψ := Ψ˜/|Ψ˜| : M → Sn is a Hausdorff ap-
proximation map. We first get an approximation of the cosine of the distance,
i.e., | cos dSn(Ψ(a1),Ψ(a2)) − cos d(a1, a2)| is small for all a1, a2 ∈ M . By show-
ing that N = 1 holds in Proposition 2.19 under our pinching condition, we get
diam(M) ≤ π + 2δ 1250n2 and an approximation of the distance. The following
lemma corresponds to [32, Lemma 6.1].
Lemma 3.9. Given an integer n ≥ 2 and positive real numbers K > 0 and D > 0,
there exist positive constants 0 < δ3(n,K,D) ≤ δ2 and C(n,K,D) > 0 such that the
following properties hold. Take a positive real number 0 < δ ≤ δ3. Let (M, g) be an
n-dimensional closed Riemannian manifold with Ric ≥ −Kg and diam(M) ≤ D.
Suppose that an (n + 1)-subspace V ⊂ C∞(M) satisfies the δ-pinching condition.
Take elements fs ∈ T(n,δ)(V ) (s = 1, . . . , n+ 1) such that
‖fs‖22 =
1
n+ 1
,
∫
M
fsft dµg = 0 for s, t = 1, . . . , n+ 1 with s 6= t.
Define Ψ˜ : M → Rn+1 by Ψ˜(x) := (f1(x), . . . , fn+1(x)).
(i) For all x ∈M , we have |Ψ˜(x)| > 0.
(ii) Define Ψ: M → Sn by Ψ := Ψ˜/|Ψ˜|. Then, Ψ is a Cδ 1250n2 -Hausdorff
approximation map. In particular, we get that dGH(M,S
n) ≤ Cδ 1250n2 .
Proof. By Lemma 3.6, we get (i) immediately.
We prove (ii). We first show that Ψ is almost surjective.
Claim 3.10. For any u ∈ Sn, there exists x ∈M such that dSn(Ψ(x), u) ≤ Cδ
1
96n2 .
Proof of Claim 3.10. Take arbitrary u ∈ Sn, and set f = ∑n+1s=1 usfs. Then, we
have f ∈ T(n,δ)(V ) and ‖f‖22 = 1n+1 . Take p of Proposition 2.15 for f . Since
f = u · Ψ˜, we get
|u · Ψ˜(x)− cos d(p, x)| ≤ Cδ 148n
for all x ∈M by Proposition 2.15. Thus, by Lemma 3.6, we get
| cosdSn(u,Ψ(x))− cos d(p, x)| ≤ Cδ
1
48n2 .
Putting x = p, we get
| cos dSn(u,Ψ(p))− 1| ≤ Cδ
1
48n2 .
This gives dSn(u,Ψ(p)) ≤ Cδ
1
96n2 by Lemma 2.18, and we get the claim. 
Claim 3.11. We have the following:
(a) For any a ∈ M , there exists qa ∈ M such that ‖ cos dSn(Ψ(a),Ψ(·)) −
cos d(qa, ·)‖∞ ≤ Cδ
1
75n2 and d(qa, a) ≤ Cδ
1
150n2 hold.
(b) If we have N(V ) = 1, for any a ∈ M , there exists qa ∈ M such that
‖ cosdSn(Ψ(a),Ψ(·))− cos d(qa, ·)‖∞ ≤ Cδ
1
48n2 and d(qa, a) ≤ Cδ
1
96n2 hold.
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Proof of Claim 3.11. Take arbitrary a ∈ M , and set f := ∑n+1s=1 Ψs(a)fs. Then,
f ∈ T(n,δ)(V ) and ‖f‖22 = 1n+1 . Take x0(:= p), x1, . . . , xN ∈M of Proposition 2.19
for f . Then, there exist i, j such that |d(xi, xj) − π| ≤ Cδ
1
200n2 and a ∈ Bij by
Proposition 2.19 (iv). By Proposition 2.19 (iii), we have (−1)mi = −(−1)mj . Thus,
we can assume that
‖f − cos d(xi, ·)‖∞ ≤ Cδ
1
75n2
by Proposition 2.19 (ii). Since we have f = Ψ(a) · Ψ˜ by the definition of f , we get
| cos dSn(Ψ(a),Ψ(x)) − cos d(xi, x)| ≤ Cδ
1
75n2 .
by Lemma 3.6. This gives | cos d(xi, a)| ≤ Cδ
1
75n2 . Since we have d(xi, a) ≤ π +
2δ
1
250n2 by the definition of Bij , we get d(xi, a) ≤ Cδ 1150n2 by Lemma 2.18. Putting
qa := xi, we get (a).
If N = 1, then we can take qa := p, and so we get (b) by Proposition 2.15
similarly to (a). 
Claim 3.12. We have the following:
(a) We have | cos dSn(Ψ(a1),Ψ(a2)) − cos d(a1, a2)| ≤ Cδ
1
150n2 for all a1, a2 ∈
M .
(b) If N(V ) = 1 holds, we have | cos dSn(Ψ(a1),Ψ(a2))−cos d(a1, a2)| ≤ Cδ
1
96n2
for all a1, a2 ∈M .
Proof of Claim 3.12. By Claim 3.11 (a), we get
| cos dSn(Ψ(a1),Ψ(a2))− cos d(a1, a2)|
≤| cos dSn(Ψ(a1),Ψ(a2))− cos d(qa1 , a2)|+ d(a1, qa1) ≤ Cδ
1
150n2 .
Thus, we get (a).
Similarly, we get (b) by Claim 3.11 (b). 
Let us assume that N(V ) = 1 holds, and complete the proof in this case. Take
arbitrary a1, a2 ∈ M . Then, we have d(a1, a2) ≤ π + 2δ
1
250n2 by Proposition 2.32.
If d(a1, a2) ≤ π, we get |dSn(Ψ(a1),Ψ(a2))−d(a1, a2)| ≤ Cδ 1192n2 by Claim 3.12 (b)
and Lemma 2.18. If π ≤ d(a1, a2) ≤ π + 2δ
1
250n2 , we get | cos dSn(Ψ(a1),Ψ(a2)) +
1| ≤ Cδ 1125n2 . Thus, by Lemma 2.18, we get |dSn(Ψ(a1),Ψ(a2)) − d(a1, a2)| ≤
|dSn(Ψ(a1),Ψ(a2))−π|+2δ
1
250n2 ≤ Cδ 1250n2 . Therefore, we get |dSn(Ψ(a1),Ψ(a2))−
d(a1, a2)| ≤ Cδ
1
250n2 for all a1, a2 ∈ M . Combining this and Claim 3.10, we get
that Ψ is a Cδ
1
250n2 -Hausdorff approximation map, and so we get (ii).
Let us show that we have N(V ) = 1. In the following, we use the notation of
Proposition 2.19 for f1. We suppose that N ≥ 2 holds and show a contradiction.
Note that N ≤ N3(n,K,D). Set
N4(n,K,D) :=
(
N3 + 1
2
)
+ 1 =
N3(N3 + 1)
2
+ 1.
We can take points
X1, . . . , XN4 ∈ {(0, u2. . . . , un+1) : u22 + . . .+ u2n+1 = 1} ⊂ Sn
such that dSn(Xi, Xj) ≥ 2π/N4 for all i, j = 1, . . . , N4 with i 6= j. By Claim
3.10, there exists a point yi ∈ M with dSn(Xi,Ψ(yi)) ≤ Cδ
1
96n2 for each i. By
Proposition 2.19 (iv) and the definition of N4, there exist i, j = 1, . . . , N such that
|d(xi, xj)−π| ≤ Cδ
1
200n2 and Card{k ∈ {1, . . . , N4} : yk ∈ Bij} ≥ 2. Fix such i and
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j. Without loss of generality, we can assume y1, y2 ∈ Bij . We define a unit vector
e1 in R
n+1 by e1 := (1, 0, . . . , 0). Since f1 = e1 · Ψ˜, we have
| cos d(e1,Ψ(xi))− (−1)mi | ≤ Cδ
1
75n2
by Proposition 2.19 (ii) and Lemma 3.6. Thus, we get dSn(Ψ(xi), (−1)mie1) ≤
Cδ
1
150n2 by Lemma 2.18. Therefore, for each k = 1, 2, we have
| cos dSn(Ψ(xi),Ψ(yk))|
≤| cos dSn((−1)mie1, Xk)|+ dSn(Ψ(xi), (−1)mie1) + dSn(Xk,Ψ(yk)) ≤ Cδ
1
150n2 .
By Claim 3.12, we get | cos d(xi, yk)| ≤ Cδ
1
150n2 . Since we have d(xi, yk) ≤ π +
2δ
1
250n2 by the definition of Bij , we get |d(xi, yk) − π2 | ≤ Cδ
1
300n2 by Lemma 2.18.
Similarly, we have |d(xj , yk)− π2 | ≤ Cδ
1
300n2 .
The following claim asserts that Bij is not isolated from the others.
Claim 3.13. There exists k = 0, . . . , N such that we have k 6= i, j and either
|d(xi, xk)− π| ≤ δ
1
200n2 or |d(xj , xk)− π| ≤ δ
1
200n2 .
Proof of Claim 3.13. Suppose that for all k = 0, . . . , N with k 6= i, j, we have
|d(xi, xk)− π| > δ
1
200n2 and |d(xj , xk)− π| > δ
1
200n2 . For any x ∈M with d(x, xi) <
4δ
1
250n2 , we have x ∈ Bij by Claim 2.29 and the assumption. Similarly, for x ∈ M
with d(x, xj) < 4δ
1
250n2 , we have x ∈ Bij . Thus, for any x ∈ Bij \ B˜ij , we get
B
δ
1
250n2
(x) ⊂ Bij . Since B˜ij is an open subset of M , we get that Bij is an open
subset of M . On the other hand, Bij is a closed subset of M . Thus, Bij = M .
Since xk /∈ Bij for all k = 0, . . . , N with k 6= i, j by Proposition 2.19 (ii) and the
definition of Bij , this contradicts to N ≥ 2. 
Without loss of generality, we can assume that there exists k = 0, . . . , N such
that we have k 6= i, j and |d(xj , xk)− π| ≤ δ
1
200n2 . Put y := γxj ,xk
(
π
2
)
. Then, we
have |d(yk, y) − π| ≤ Cδ
1
300n2 by Proposition 2.19 (v). Thus, by Claim 3.12, we
get | cos dSn(Ψ(yk),Ψ(y)) + 1| ≤ Cδ
1
300n2 , and so dSn(Ψ(yk),−Ψ(y)) ≤ Cδ
1
600n2 for
each k = 1, 2 by Lemma 2.18. Therefore, we get dSn(Ψ(y1),Ψ(y2))) ≤ Cδ
1
600n2 .
Thus,
dSn(X1, X2) ≤ dSn(Ψ(y1),Ψ(y2))) + Cδ
1
96n2 ≤ Cδ 1600n2 .
If we take δ sufficiently small, this contradicts to dSn(X1, X2) ≥ 2π/N4. Thus, we
get N = 1 and the proposition. 
4. Proof of main theorems
The purpose of this section is to complete the proofs of main theorems except
for Main Theorem 3. In subsection 4.1, we show the equivalence of our pinching
condition in the previous sections and the pinching condition on the eigenvalues
of a certain Laplacian ∆¯E on the vector bundle E (see Definition 4.1 below). As
a consequence, in subsection 4.2, for the orientable case, we show that if there
exists an n-dimensional subspace that satisfies our pinching condition, then there
exists such an (n+ 1)-dimensional subspace, where n denotes the dimension of the
manifold. Combining this with the result in the previous section, we show Main
Theorem 1 in subsection 4.3. In subsection 4.4, we see that the weaker condition
“‖∇2f + ∆fn g‖2 is small” implies our pinching condition “‖∇2f + fg‖2 is small”
under the Ricci curvature bound and the assumption that the scalar curvature is
equal to the constant n(n− 1), and give the proof of Main Theorem 2.
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4.1. Fiber argument. In this subsection, we explain why Main Theorem 1 is
equivalent to Main Theorem 1’. More precisely, we show that for any closed Rie-
mannian manifold (M, g) with Ric ≥ −Kg and diam(M) ≤ D (K,D > 0), the
following two conditions are equivalent:
• λk(∆¯E) (see Definition 4.1 below) is small,
• There exists a k-dimensional subspace V ⊂ C∞(M) such that ‖∇2f +fg‖2
is small for all f ∈ V .
Definition 4.1. Take a Riemannian manifold (M, g). Consider the rank 1 trivial
bundle M × R and its section e : M → M × R with e(x) = (x, 1). We write
Re = M × R and define E = EM := TM ⊕ Re. We consider the product metric
〈·, ·〉E on E:
〈X + fe, Y + he〉E := g(X,Y ) + fh,
for any X,Y ∈ Γ(TM) and f, h ∈ C∞(M). We consider the following connection
∇E on E:
∇EZ (X + fe) := ∇ZX + fZ + (Zf − g(Z,X))e,
for any X,Z ∈ Γ(TM) and f ∈ C∞(M). We define (∇E)∗ : Γ(T ∗M ⊗ E)→ Γ(E)
by
(∇E)∗(α⊗ S) := − trT∗M ∇T
∗M⊗E(α⊗ S) = −
n∑
i=1
(∇eiα) (ei)S −
n∑
i=1
α(ei)∇EeiS,
for any α⊗S ∈ Γ(T ∗M ⊗E), where n = dimM and {e1, . . . , en} is an orthonormal
basis of TM . Define ∆¯E : Γ(E) → Γ(E) by ∆¯E := (∇E)∗∇E . For a function
f ∈ C∞(M), we define Sf := ∇f + fe ∈ Γ(E). When M is closed, we consider the
eigenvalues of ∆¯E :
0 ≤ λ1(∆¯E) ≤ λ2(∆¯E) ≤ · · · → ∞.
Note that if (M, g) is a closed Riemannian manifold, then we have∫
M
〈∇ES, T 〉T∗M⊗E dµg =
∫
M
〈S, (∇E)∗T 〉E dµg
for any S ∈ Γ(E) and T ∈ Γ(T ∗M ⊗ E) by the divergence theorem.
By a straightforward calculus, we have the following lemma.
Lemma 4.2. For any n-dimensional Riemannian manifold (M, g) and any section
X + fe ∈ Γ(E), we have
∆¯E(X + fe) = ∇∗∇X − 2∇f +X + (∆f − 2∇∗X + nf)e.
In particular, for any function f ∈ C∞(M), we have
∆¯Sf = ∇∗∇∇f −∇f + (nf −∆f)e.
We show that if there exists a k-dimensional subspace V ⊂ C∞(M) such that
‖∇2f + fg‖2 is small for all f ∈ V , then λk(∆¯E) is small.
Lemma 4.3. Take integers n ≥ 2 and k ≥ 1 and a positive real number 0 < δ ≤
1
2
√
n
. Let (M, g) be an n-dimensional closed Riemannian manifold. If there exists
a k-dimensional subspace V ⊂ C∞(M) that satisfies the δ-pinching condition, then
for all f ∈ V , we have ‖∇ESf‖22 ≤ δ2‖Sf‖22. In particular, we have λk(∆¯E) ≤ δ2.
Proof. Take arbitrary f ∈ V . We have
‖∇ESf‖22 =
1
Vol(M)
∫
M
〈∆¯ESf , Sf〉E dµg = 1
Vol(M)
∫
M
|∇2f |2 − 2f∆f + nf2dµg
=‖∇2f + fg‖22 ≤ δ2‖f‖22 ≤ δ2‖Sf‖22.
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By the Rayleigh principle
λk(∆¯
E) = inf
{
sup
S∈W\{0}
‖∇ES‖22
‖S‖22
:W is a k-dimensional subspace of Γ(E)
}
,
we get the lemma. 
The converse is also true under the assumptions on the Ricci curvature and the
diameter. The following proposition corresponds to Proposition 10 in [2], which
asserts that if λk(∆¯
E) is close to 0, then λk(g) is close to n under the assumption
Ric ≥ (n − 1)g for closed n-dimensional Riemannian manifolds. In that case, it
is enough to consider the first derivative of functions to get the estimate of λk(g)
by the Rayleigh principle, and the functions defined by 〈S, e〉E have the required
property, where S is one of the eigensections of ∆¯E . However, we need to get
the information about the Hessian of functions for our pinching condition, and the
functions 〈S, e〉E are not enough for our purpose. To overcome this point, we use
the Hodge decomposition.
Proposition 4.4. Given integers n ≥ 2 and k ≥ 1 and positive real numbers K > 0
and D > 0, there exist positive constants C(n,K,D) > 0 and ǫ1(n,K,D) > 0 such
that the following properties hold. Take a positive real number 0 < ǫ ≤ ǫ1. Let
(M, g) be an n-dimensional closed Riemannian manifold with Ric ≥ −Kg and
diam(M) ≤ D. If λk(∆¯E) ≤ ǫ, then there exists a k-dimensional subspace V ⊂
C∞(M) that satisfies the Cǫ
1
2 -pinching condition.
Proof. Let S1, . . . , Sk be the eigensections corresponding to λ1(∆¯
E), . . . , λk(∆¯
E).
Define P : Γ(E)→ C∞(M) as P (S) := 〈S, e〉E and E := Span{S1, . . . , Sk} ⊂ Γ(E).
Note that ∆¯Ee = ne. If we assume ǫ < n, we have
∫
M
P (S) dµg =
∫
M
〈S, e〉E dµg =
0 for all S ∈ E .
Claim 4.5. If ǫ < 1, then P |E is injective.
Proof of Claim 4.5. Take arbitrary S ∈ kerP ∩ E . Then, there exists X ∈ Γ(TM)
with S = X . Since ∆¯ES = ∇∗∇X +X − 2∇∗Xe, we get
ǫ
∫
M
|X |2 dµg ≥
∫
M
〈∆¯ES, S〉E dµg ≥
∫
M
|X |2 dµg.
Thus, X = 0, and so S = 0. 
Define P˜ : Γ(E) → C∞(M) as follows. For arbitrary S = α + fe ∈ Γ(E), there
exist a harmonic 1-form h, a function F ∈ C∞(M) with ∫M F dµg = 0 and a closed
2-form β such that α = h + dF + d∗β by the Hodge decomposition, where we
regard α as a 1-form on M . Then, we define P˜ (S) := F . Note that F is uniquely
determined. Let us show that elements in P˜ (F ) satisfy our pinching condition.
Claim 4.6. There exists a positive constant ǫ1(n,K,D) > 0 such that if ǫ ≤ ǫ1,
then P˜ |E is injective and ‖∇2F + Fg‖2 ≤ Cǫ 12 ‖F‖2 for all F ∈ P˜ (E).
Proof of Claim 4.6. Take arbitrary S = α+ fe ∈ E . Note that we have∫
M
f dµg =
∫
M
〈S, e〉E dµg = 0.
We decompose α as α = h + dF + d∗β. Since |S|2 = |α|2 + f2 and |∇ES|2 =
|∇α+ fg|2 + |df − α|2, we get
‖∇α+ fg‖22 ≤ ǫ(‖α‖22 + ‖f‖22),(40)
‖df − α‖22 ≤ ǫ(‖α‖22 + ‖f‖22).(41)
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By the orthogonal decomposition of T ∗M ⊗ T ∗M , we have
(42) ‖∇α+ fg‖22 ≥
1
2
‖dα‖22 + n‖f −
1
n
d∗α‖22.
Since h, d(f − F ) and d∗β are orthogonal to each other in L2 sense, we have
(43) ‖df − α‖22 = ‖h‖22 + ‖∇(f − F )‖22 + ‖d∗β‖22.
By the Bochner formula, (40), (41), (42) and (43), we get
‖∇h‖22 =−
1
Vol(M)
∫
M
Ric(h, h) dµg ≤ K‖h‖22 ≤ Kǫ(‖α‖22 + ‖f‖22),(44)
‖∇d∗β‖22 ≤‖dα‖22 +K‖d∗β‖22 ≤ (K + 2)ǫ(‖α‖22 + ‖f‖22).(45)
By the Li-Yau estimate λ1 ≥ C(n,K,D) > 0 [39, p.116], (41) and (43), we get
(46) ‖f − F‖22 ≤ Cǫ(‖α‖22 + ‖f‖22).
Thus, by (40), (44), (45) and (46), we get
‖∇2F + Fg‖2 ≤ ‖∇2F −∇α‖2 + ‖∇α+ fg‖2 +
√
n‖f − F‖2
≤ ‖∇h‖2 + ‖∇d∗β‖2 + ‖∇α+ fg‖2 +
√
n‖f − F‖2
≤ Cǫ 12 (‖α‖2 + ‖f‖2).
(47)
By (41), we have ‖α‖2 ≤ ‖∇f‖2 + ǫ 12 (‖α‖2 + ‖f‖2). If ǫ ≤ 14 , we get
(48) ‖α‖2 ≤ 2(‖∇f‖2 + ‖f‖2) ≤ C‖∇f‖2
by the Li-Yau estimate. By (41), (43) and (48), we get
‖∇f‖2 ≤ ‖∇F‖2 + ǫ 12 (‖α‖2 + ‖f‖2) ≤ ‖∇F‖2 + Cǫ 12 ‖∇f‖2.
Thus, taking ǫ1 sufficiently small, we get ‖∇f‖2 ≤ 2‖∇F‖2. Therefore, by Claim
4.5, we get P˜ |E is injective and, by (48) and the Li-Yau estimate,
‖α‖2 + ‖f‖2 ≤ C‖∇F‖2 ≤ C‖∆F‖2.
Thus, by (47), we get ‖∇2F +Fg‖2 ≤ Cǫ 12 ‖∆F‖2, and we get the claim by Lemma
2.7. 
By Claim 4.6, the subspace defined by V := P˜ (E) satisfies the desired property.

Lemma 4.3 and Proposition 4.4 show the equivalence of Main Theorem 1 and
Main Theorem 1’.
4.2. Almost parallel section. In this subsection, we show that if λn(∆¯
E) is close
to 0, then λn+1(∆¯
E) is close to 0 for the orientable case under the assumption
Ric ≥ −Kg and diam(M) ≤ D.
The following proposition, which asserts that the eigensections S1, . . . , Sk are al-
most orthogonal to each other for most points inM if λk(∆¯
E) is small, corresponds
to [2, Lemma 11].
Lemma 4.7. Given an integer n ≥ 2 and positive real numbers K > 0 and D > 0,
there exist positive constants C(n,K,D) > 0 and 0 < δ4(n,K,D) ≤ δ3 such that the
following properties hold. Take a positive real number 0 < δ ≤ δ4 and an integer 1 ≤
k ≤ n+2. Let (M, g) be an n-dimensional closed Riemannian manifold with Ric ≥
−Kg and diam(M) ≤ D. Suppose that a k-dimensional subspace V ⊂ C∞(M)
satisfies the δ-pinching condition. Take elements fi ∈ T(n,δ)(V ) (i = 1, . . . , k) such
that
‖fi‖22 =
1
n+ 1
,
∫
M
fifj dµg = 0 for i, j = 1, . . . , k with i 6= j.
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Define Si := Sfi and
G = G(f1, . . . , fk) :=
{
x ∈M :||Si(x)|2 − 1| ≤ δ 196n for all i = 1, . . . , k, and∣∣∣∣12 |Si(x) + Sj(x)|2 − 1
∣∣∣∣ ≤ δ 196n ,∣∣∣∣12 |Si(x) − Sj(x)|2 − 1
∣∣∣∣ ≤ δ 196n for all i 6= j}.
Then, we have the following properties.
(i) For all f ∈ T(n,δ)(V ) with ‖f‖22 = 1n+1 , we have ‖Sf‖∞ ≤ C.
(ii) We have Vol(M \G) ≤ Cδ 196n Vol(M).
(iii) For all x ∈ G and i 6= j, we have |〈Si(x), Sj(x)〉E | ≤ δ 196n .
(iv) For all x ∈ G, S1(x), . . . , Sk(x) are linearly independent. In particular,
k ≤ n+ 1.
Proof. Take arbitrary f ∈ T(n,δ)(V ) with ‖f‖22 = 1n+1 and take p ∈ M of Proposi-
tion 2.15. Then, we get (i) by Lemma 2.8. Put h := cos d(p, ·). For almost all point
in M , we have
|f2+|∇f |2−1| ≤ |f+h||f−h|+(|∇f |+|∇h|)|∇f−∇h| ≤ C (|f − h|+ |∇f −∇h|) .
By Proposition 2.15 and |Sf |2 = f2 + |∇f |2, we get
(49) ‖|Sf |2 − 1‖1 ≤ Cδ 148n .
Since f1, . . . , fk is orthogonal to each other, we get∥∥∥∥ 1√2(fi + fj)
∥∥∥∥2
2
=
1
n+ 1
,
∥∥∥∥ 1√2(fi − fj)
∥∥∥∥2
2
=
1
n+ 1
,
1√
2
(Si + Sj) = S 1√
2
(fi+fj),
1√
2
(Si − Sj) = S 1√
2
(fi−fj),
for all i 6= j. Thus, by (49), we get
‖|Si|2 − 1‖1 ≤Cδ 148n ,∥∥∥∥12 |Si + Sj |2 − 1
∥∥∥∥
1
≤Cδ 148n ,∥∥∥∥12 |Si − Sj |2 − 1
∥∥∥∥
1
≤Cδ 148n ,
for all i 6= j. Therefore, we get
Vol
({
x ∈M : ∣∣|Si(x)|2 − 1∣∣ > δ 196n})
≤δ− 196n
∫
M
∣∣|Si|2 − 1∣∣ dµg = δ− 196n ‖|Si|2 − 1‖1Vol(M) ≤ Cδ 196n Vol(M)
for all i. Similarly, we have
Vol
({
x ∈M :
∣∣∣∣12 |Si(x) + Sj(x)|2 − 1
∣∣∣∣ > δ 196n}) ≤ Cδ 196n Vol(M),
Vol
({
x ∈M :
∣∣∣∣12 |Si(x) − Sj(x)|2 − 1
∣∣∣∣ > δ 196n}) ≤ Cδ 196n Vol(M)
for all i 6= j. Thus, we get (ii).
For all x ∈ G and i, j with i 6= j, we have
|〈Si(x), Sj(x)〉E | = 1
4
∣∣|Si(x) + Sj(x)|2 − |Si(x) − Sj(x)|2∣∣ ≤ δ 196n .
Thus, we get (iii).
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Finally, we prove (iv). Take arbitrary x ∈ G and a1, . . . , ak ∈ R with a1S1(x) +
· · ·+akSk(x) = 0. Take i with |ai| = max{|a1|, . . . , |ak|}. Since we have 〈a1S1(x)+
· · ·+ akSk(x), Si(x)〉E = 0, we get
0 ≥ |ai||Si(x)|2 −
∑
i6=j
|aj〈Si(x), Sj(x)〉E | ≥|ai|(1− δ 196n )−
∑
i6=j
|ai|δ 196n
≥|ai|(1− (n+ 2)δ 196n ).
Thus, |ai| = 0, and so a1, . . . , ak = 0. This implies the linearly independence of
S1(x), . . . , Sk(x). 
By Proposition 4.4 and Lemma 4.7, we get the following corollary immediately.
Corollary 4.8. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exists ǫ2(n,K,D) > 0 such that if (M, g) is an n-dimensional closed
Riemannian manifold with Ric ≥ −Kg and diam(M) ≤ D, then λn+2(∆¯E) ≥ ǫ2.
The following corollary asserts that if λn(∆¯
E) is small, then λn+1(∆¯
E) is small
for the orientable case.
Corollary 4.9. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exist positive constants C(n,K,D) > 0 and 0 < ǫ3(n,K,D) ≤ ǫ1 such
that the following properties hold. Take a positive real number 0 < ǫ ≤ ǫ3. Let
(M, g) be an oriented n-dimensional closed Riemannian manifold with Ric ≥ −Kg
and diam(M) ≤ D. If λn(∆¯E) ≤ ǫ, then λn+1(∆¯E) ≤ Cǫ 12 .
Proof. By Proposition 4.4, there exists an n-dimensional subspace V ⊂ C∞(M)
that satisfies th Cǫ
1
2 -pinching condition. Put δ := Cǫ
1
2 . We can assume δ ≤ δ4.
Take elements fi ∈ T(n,δ)(V ) (i = 1, . . . , n) such that
‖fi‖22 =
1
n+ 1
,
∫
M
fifj dµg = 0 for i, j = 1, . . . , n with i 6= j.
Define Si := Sfi .
By the orientation, we can identify E and
∧n
E. Note that this identification
preserves the metric and the connection. Define Sn+1 := S1 ∧ · · · ∧ Sn ∈ Γ(E). By
Lemma 2.8, T(n,δ)(V ) satisfies the C
√
δ-pinching condition, and so, by Lemma 4.3,
we have
‖∇ESn+1‖22 =
1
Vol(M)
∫
M
∣∣∣∣∣
n∑
i=1
S1 ∧ · · · ∧ ∇ESi ∧ · · · ∧ Sn
∣∣∣∣∣
2
dµg ≤ Cδ.(50)
By Lemma 4.7, for all x ∈ G = G(f1, . . . , fn), we have∣∣|Sn+1(x)|2 − 1∣∣ ≤ Cδ 196n .
Thus, we get
(51) ‖Sn+1‖22 ≥
1
Vol(M)
∫
G
(1 − Cδ 196n ) dµg ≥ 1− Cδ 196n ≥ 1
2
.
By (50) and (51), we get
(52) ‖∇ESn+1‖22 ≤ Cǫ
1
2 ‖Sn+1‖22.
Since Sn+1 is orthogonal to Si (i = 1, . . . , n), we get λn+1(∆¯
E) ≤ Cǫ 12 by (52) and
Lemma 4.3 for T(n,δ)(V ). 
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4.3. Completion of the proofs. In this subsection, we show that if λn(∆¯
E) is
close to 0, then the unorientable case cannot occur under the assumption Ric ≥
−Kg and diam(M) ≤ D by a mapping degree argument, and complete the proof
of Main Theorem 1.
We first calculate the degree of the approximation map defined in Lemma 3.9.
The following lemma corresponds to the discussion of the page 397–398 in [2].
Lemma 4.10. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exist positive constants 0 < δ5(n,K,D) ≤ δ4 and C(n,K,D) > 0 such
that the following properties hold. Take a positive real number 0 < δ ≤ δ5. Let
(M, g) be an oriented n-dimensional closed Riemannian manifold with Ric ≥ −Kg
and diam(M) ≤ D. Suppose that an (n + 1)-subspace V ⊂ C∞(M) satisfies the
δ-pinching condition. Take elements fs ∈ T(n,δ)(V ) (s = 1, . . . , n+ 1) such that
‖fs‖22 =
1
n+ 1
,
∫
M
fsft dµg = 0 for s, t = 1, . . . , n+ 1 with s 6= t.
Then, dGH(M,S
n) ≤ Cδ 1250n2 , M is diffeomorphic to Sn and the degree of the map
Ψ: M → Sn defined by Ψ = (f1, . . . , fn+1)/|(f1, . . . , fn+1)| is equal to either 1 or
−1.
Proof. We define Ψ˜ = (f1, . . . , fn+1). Put Si := Sfi for each i. For each x ∈ M ,
the differential of Ψ defines the map dxΨ: TxM → TΨ(x)Sn. Since TΨ(x)Sn ⊂
R
n+1, we can regard dxΨ as a linear map TxM → Rn+1. Then, take a transpose
tdxΨ: R
n+1 → TxM . The restriction of this map to TΨ(x)Sn coincides with the
transpose of dxΨ regarded as a map TxM → TΨ(x)Sn. The determinant of the map
tdxΨ: TΨ(x)S
n → TxM satisfies
(det tdxΨ)ωg =
tdxΨ(e¯1) ∧ . . . ∧ tdxΨ(e¯n),
where ωg denotes the volume form of (M, g) and {e¯1, . . . , e¯n} is the orthonormal
basis of TΨ(x)S
n such that {e¯1, . . . , e¯n,Ψ(x)} has a positive orientation in Rn+1.
The degree of the map Ψ satisfies
degΨ =
1
Vol(Sn)
∫
M
det tdxΨ dµg.
Let us show the map tdxΨ: R
n+1 → TxM satisfies
(53) tdxΨ(ei) =
Si(x)−Ψi(x)
∑n+1
j=1 Ψj(x)Sj(x)
|Ψ˜(x)|
for all i = 1, . . . , n+1, where {e1, . . . , en+1} denotes the standard basis of Rn+1 and
Ψi(x) = fi(x)/|Ψ˜(x)|. Note that the right hand side of (53) defines an element of
TxM by cancellation although it is originally an element of the fiber Ex = TxM⊕Re.
For all X ∈ TxM and i, we have
〈X, tdxΨ(ei)〉 = 〈dxΨ(X), ei〉 =
〈
∇
(
fi
(
∑n+1
j=1 f
2
j )
1/2
)
(x), X
〉
.
Thus, we get
tdxΨ(ei) =∇
(
fi
(
∑n+1
j=1 f
2
j )
1/2
)
(x)
=
∇fi(x)
|Ψ˜(x)|
− fi(x)
∑n+1
j=1 fj(x)∇fj(x)
|Ψ˜(x)|3
=
∇fi(x)−Ψi(x)
∑n+1
j=1 Ψj(x)∇fj(x)
|Ψ˜(x)|
.
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Since fi(x)−Ψi(x)
∑n+1
j=1 Ψj(x)fj(x) = 0 and Si = ∇fi + fie by the definition, we
get (53).
Define Lx : R
n+1 → Ex by Lx(v) :=
∑n+1
i=1 viSi(x) for any v =
∑n+1
i=1 viei ∈
R
n+1. We have
(54) Lx(v) = |Ψ˜(x)|tdxΨ(v) ∈ TxM
for all v ∈ Rn+1 with v ·Ψ(x) = 0 by (53), and we have
Lx(Ψ(x)) =|Ψ˜(x)|−1
n+1∑
j=1
(∇fj(x) + fj(x)e)fj(x)
=|Ψ˜(x)|−1
n+1∑
j=1
fj(x)∇fj(x) + |Ψ˜(x)|e.
(55)
Let {e¯1(x), · · · , e¯n(x),Ψ(x)} be a positively oriented orthonormal basis of Rn+1.
Define ωE := ωg ∧ e, where ωg denotes the volume form of (M, g). Then, the
determinant of the map Lx : R
n+1 → Ex satisfies
(detLx)ωE =Lx(e1) ∧ · · · ∧ Lx(en+1)
=Lx(e¯1) ∧ · · · ∧ Lx(e¯n) ∧ Lx(Ψ(x))
By the definition of L, we have
(56) (detLx)ωE = S1(x) ∧ · · · ∧ Sn+1(x).
Since Lx(e¯i(x)) ∈ TxM by (54), we have
(57) (detLx)ωE = |Ψ˜(x)|Lx(e¯1) ∧ · · · ∧ Lx(e¯n) ∧ e
by (55). Moreover, we have
(58) (det tdxΨ(x))ωg = |Ψ˜(x)|−nLx(e¯1) ∧ · · · ∧ Lx(e¯n)
by (54). By (57) and (58), we get
(59) detLx = |Ψ˜(x)|n+1 det tdxΨ(x).
Put h := detLx. Since ωE is parallel and |ωE| = 1, we have |h| = |S1∧· · ·∧Sn+1|
and |∇h| = |∑n+1i=1 S1∧· · ·∧∇Si∧· · ·∧Sn+1| by (56). For x ∈ G = G(f1, . . . , fn+1)
(see Lemma 4.7), we have ||h|2−1| ≤ Cδ 196n . By Lemma 4.7 (i), we have ‖h‖∞ ≤ C.
Thus, we get ‖|h|2 − 1‖1 ≤ Cδ 196n by Lemma 4.7 (ii). This gives
(60) |‖h‖22 − 1| ≤ Cδ
1
96n .
Since T(n,δ)(V ) satisfies the C
√
δ-pinching condition, by Lemma 4.3 and Lemma
4.7, we have ‖∇h‖22 ≤ Cδ. Thus, we get
0 ≤ ‖h‖22 −
(
1
Vol(M)
∫
M
h dµg
)2
≤ C‖∇h‖22 ≤ Cδ
by the Li-Yau estimate [39, p.116], and so∣∣∣∣∣∣∣∣ 1Vol(M)
∫
M
h dµg
∣∣∣∣− 1∣∣∣∣ ≤ Cδ 196n .
by (60). Therefore, by (59) and Lemma 3.6,∣∣∣∣| degΨ|Vol(Sn)Vol(M) − 1
∣∣∣∣ = ∣∣∣∣∣∣∣∣ 1Vol(M)
∫
M
det tdxΨ dµg
∣∣∣∣− 1∣∣∣∣
≤
∣∣∣∣∣∣∣∣ 1Vol(M)
∫
M
h dµg
∣∣∣∣− 1∣∣∣∣+ ∣∣∣1− ‖Ψ˜‖−(n+1)∞ ∣∣∣ ‖h‖∞
≤Cδ 196n .
(61)
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In particular degΨ 6= 0. Thus, we get Ψ is surjective. Therefore, Ψ is a Cδ 1250n2 -
Hausdorff approximation map by Lemma 3.9, and so dGH(M,S
n) ≤ Cδ 1250n2 . Tak-
ing δ5 sufficiently small, we get that M is diffeomorphic to S
n by Theorem 1.5.
By the volume convergence theorem [14, Theorem 0.1], we can assume Vol(M) ≤
3
2 Vol(S
n). Thus, we get | degΨ| = 1 by (61). 
Let us show that the unorientable case cannot occur under our pinching con-
dition, and complete the proof of Main Theorem 1. The proof of the following
theorem corresponds to [2, Proposition 19].
Theorem 4.11. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exist positive constants η(n,K,D) > 0 and C(n,K,D) > 0 such that
the following property holds. Take a positive real number 0 < ǫ ≤ η. Let (M, g) be
an n-dimensional closed Riemannian manifold with Ric ≥ −Kg and diam(M) ≤ D.
If λn(∆¯
E) ≤ ǫ, then dGH(M,Sn) ≤ Cǫ
1
1000n2 .
Proof. For the orientable case, we get the theorem by Proposition 4.4, Corollary
4.9 and Lemma 4.10.
Let us show that M is orientable. Suppose that M is not orientable. Take
the orientable Riemannian covering π : (M˜, g˜) → (M, g) with two sheets. Then,
(M˜, g˜) satisfies Ricg˜ ≥ −Kg˜ and diam(M˜) ≤ 2D. Take orthonormal eigensections
S1, . . . , Sn ∈ Γ(EM ) corresponding to λi(∆¯E ,M): ∆¯ESi = λi(∆¯E ,M)Si. Write
Si = αi + fie. Define S˜i ∈ Γ(EM˜ ) as S˜i := π∗Si = π∗αi + (fi ◦ π)e. Then, ∆¯E S˜i =
λi(∆¯
E ,M)S˜i, and so λn(∆¯
E , M˜) ≤ ǫ. Thus, we obtain λn+1(∆¯E , M˜) ≤ Cǫ 12 by
Corollary 4.9. Then, there exists λ˜ ∈ R with 0 ≤ λ˜ ≤ Cǫ 12 and an eigensection
S˜n+1 ∈ Γ(EM˜ ) such that ∆¯ES˜n+1 = λ˜S˜n+1 and
∫
M˜
〈S˜n+1, S˜i〉E dµg˜ = 0 for all
i = 1, . . . , n. Define a subspace E ∈ C∞(M) by
E = Span{S˜1, . . . , S˜n, S˜n+1}.
By Claim 4.6, we have that P˜ (E) ⊂ C∞(M˜) satisfies the Cǫ 14 -pinching condition.
Put δ := Cǫ
1
4 .
We use the following claim (see [2, Lemma 17]).
Claim 4.12. Suppose that a map Φ: Sn → Sn has degree 1 or −1. Let
αi : Z/(2Z)× Sn → Sn
be actions (i = 1, 2) such that Φ(α1, (a, x)) = α2(a,Φ(x)) holds for all (a, x) ∈
Z/(2Z)× Sn. If the action α1 is free, then α2 is also free.
Consider the covering transformation Π: M˜ → M˜ , which satisfies π ◦Π = π and
Π2 = Id. We use Π for α1 of Claim 4.12. Let us find the action α2 and its fixed
point to get the contradiction.
The covering transformation Π defines an isomorphism Π∗ : EΠ(x) → Ex, Π∗(α+
fe) = Π∗α+ (f ◦Π)e. We have
(62) Π∗S˜i = S˜i
for any i = 1, . . . , n. Since λn+2(∆¯
E , M˜) ≥ ǫ2 by Corollary 4.8, we obtain Π∗S˜n+1 ∈
E , and E is invariant under the action of Π. Since Π∗S˜n+1 is orthogonal to Π∗S˜i = S˜i
in L2 sense for all i = 1, . . . , n, we get
(63) Π∗S˜n+1 = ±S˜n+1.
42 MASAYUKI AINO
Take f1, . . . , fn+1 ∈ T(n,δ)P˜ (E) ⊂ C∞(M˜) such that
‖fs‖22 =
1
n+ 1
,
∫
M
fsft dµg =0 for s, t = 1, . . . , n+ 1 with s 6= t, and
fn+1 =
T(n,δ)P˜ (S˜n+1)√
n+ 1‖T(n,δ)P˜ (S˜n+1)‖2
hold. By the definition of T(n,δ) and P˜ , we have
(64) T(n,δ)P˜ (Π
∗S) = T(n,δ)P˜ (S) ◦Π.
for all S ∈ Γ(E
M˜
). Thus, we have
(65) fn+1 ◦Π = ±fn+1
by (63). Since the subspace T(n,δ)P˜ (E) ⊂ C∞(M˜) is invariant under the action of
Π by (64), there exists T ∈ O(n+ 1) with
(66) fi ◦Π =
n+1∑
j=1
Tijfj
for all i = 1, . . . , n + 1 and T 2 = Id. Take a1, . . . , an ∈ R and f˜1, . . . , f˜n ∈
T(n,δ)P˜ (Span{S˜1, . . . , S˜n}) with
(67) fi = f˜i + aifn+1.
Then, we have
(68) f˜i ◦Π = f˜i
for all i = 1, . . . , n by (62) and (64). Define Ψ˜ : M˜ → Rn+1 and Ψ: M˜ → Sn by
Ψ˜ := (f1, . . . , fn+1) and Ψ := Ψ˜/|Ψ˜|. Then, T Ψ˜ = Ψ˜ ◦ Π by (66). Since T is
orthogonal, we have |Ψ˜ ◦Π| = |T Ψ˜| = |Ψ˜|. Thus, we get
(69) TΨ = Ψ ◦Π.
Since
∫
M
fn+1 dµg = 0, we can take a point x ∈ M˜ such that fn+1(x) = 0 holds.
Then, we get fi(x) = fi(Π(x)) for all i = 1, . . . , n+1 by (65), (67) and (68). Thus,
we get
(70) TΨ(x) = Ψ(Π(x)) = Ψ(x)
by (69). By Lemma 4.10, | degΨ| = 1, and M˜ is diffeomorphic to Sn. Thus,
by Claim 4.12 and (69), the action of T on Sn is free. This contradicts to (70).
Therefore, M is orientable, and so we get the theorem. 
Theorem 4.11 immediately implies Main Theorem 1 and Main Theorem 1’.
Finally, we write down the statement of unnormalized version of Main Theorem
1’. By Corollary 2.6 and Main Theorem 1’, we get the following theorem.
Theorem 4.13. Given an integer n ≥ 2 and positive real numbers ǫ > 0, K > 0,
D > 0 and µ > 0, there exists δ(n,K,D, µ, ǫ) > 0 such that the following property
holds. Let (M, g) be an n-dimensional closed Riemannian manifold with Ric ≥ −Kg
and diam(M) ≤ D and take c ∈ R with c ≤ µ. If there exists an n-dimensional
subspace V of C∞(M) such that ‖∇2f + cfg‖2 ≤ δ‖∆f‖2 holds for all f ∈ V , then
we have c > 0 and dGH(M,S
n(r)) ≤ ǫ, where we put r = c− 12 .
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4.4. Constant scalar curvature metrics. In this subsection, we showMain The-
orem 2. We first give an easy calculation.
Lemma 4.14. Let (M, g) be an n-dimensional Riemannian manifold with constant
scalar curvature. For any smooth function f ∈ C∞(M), we have
∇∗(Ric(∇f)) = −g
(
Ric,∇2f + ∆f
n
g
)
+
Scalg
n
∆f,
where Scalg denotes the scalar curvature of (M, g).
Proof. By the second Bianchi identity [34, p.88], we have
∇∗(Ric(∇f))
=(∇∗Ric)(∇f)− g (Ric,∇2f)
=− 1
2
g(∇ Scalg,∇f)− g
(
Ric,∇2f + ∆f
n
g
)
+
Scalg
n
∆f
=− g
(
Ric,∇2f + ∆f
n
g
)
+
Scalg
n
∆f
for all f ∈ C∞(M). 
By the Bochner formula, we get the following lemma immediately.
Lemma 4.15. Let (M, g) be an n-dimensional closed Riemannian manifold. For
any smooth function f ∈ C∞(M), we have
‖∇2f + ∆f
n
g‖22 =
n− 1
n
‖∆f‖22 −
1
Vol(M)
∫
M
Ric(∇f,∇f) dµg.
We show that the pinching condition “‖∇2f + ∆fn g‖2 is small” implies more
strong pinching condition “‖∇2f + Scalgn(n−1)fg‖2 is small” for the Riemannian mani-
folds with constant scalar curvature. The following theorem and Main Theorem 1’
immediately imply Main Theorem 2.
Theorem 4.16. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exist positive constants η(n,K,D) > 0 and C(n,K,D) > 0 such that
the following property holds. Take a positive real number 0 < δ ≤ η. Let (M, g)
be an n-dimensional closed Riemannian manifold with constant scalar curvature,
−Kg ≤ Ric ≤ Kg and diam(M) ≤ D. For all smooth function f ∈ C∞(M) such
that
∫
M
f dµg = 0 and
‖∇2f + ∆f
n
g‖2 ≤ δ‖∆f‖2,
we have
‖∇2f + Scalg
n(n− 1)fg‖2 ≤ Cδ
1
2 ‖∆f‖2.
Proof. Note that we have |Ric | ≤ n 12K and the Li-Yau estimate λ1 ≥ C(n,K,D) >
0 [39, p.116].
By Lemma 4.15, we have
(71)
1
Vol(M)
∫
M
Ric(∇f,∇f) dµg ≥
(
n− 1
n
− δ2
)
‖∆f‖22.
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Take a smooth function h ∈ C∞(M) such that ∫M h dµg = 0 and ∆h = ∆f− Scalgn−1 f .
By Lemma 4.15 and (71), for all t ∈ R, we have
n− 1
n
(
‖∆f‖22 +
2t
Vol(M)
∫
M
∆f∆h dµg + t
2‖∆h‖22
)
=
n− 1
n
‖∆(f + th)‖22
≥ 1
Vol(M)
∫
M
Ric(∇f,∇f) dµg
+
2t
Vol(M)
∫
M
Ric(∇f,∇h) dµg + t
2
Vol(M)
∫
M
Ric(∇h,∇h) dµg
≥
(
n− 1
n
− δ2
)
‖∆f‖22
+
2t
Vol(M)
∫
M
Ric(∇f,∇h) dµg + t
2
Vol(M)
∫
M
Ric(∇h,∇h) dµg .
Putting t = −δ, we get
n− 1
n
1
Vol(M)
∫
M
∆f∆h dµg − 1
Vol(M)
∫
M
Ric(∇f,∇h) dµg
≤δ
2
‖∆f‖22 +
δ
2
n− 1
n
‖∆h‖22 −
δ
2
1
Vol(M)
∫
M
Ric(∇h,∇h) dµg
≤Cδ‖∆f‖22 + Cδ‖∆h‖22.
(72)
By Lemma 4.14, we have
1
Vol(M)
∫
M
Ric(∇f,∇h) dµg
=
1
Vol(M)
∫
M
−g
(
Ric,∇2f + ∆f
n
g
)
h+
Scalg
n
h∆f dµg
≤ 1
Vol(M)
∫
M
Scalg
n
h∆f dµg + n
1
2K‖∇2f + ∆f
n
g‖2‖h‖2
≤ 1
Vol(M)
∫
M
Scalg
n
h∆f dµg + Cδ‖∆f‖2‖∆h‖2
≤ 1
Vol(M)
∫
M
Scalg
n
h∆f dµg + Cδ‖∆f‖22 + Cδ‖∆h‖22.
(73)
By (72), (73) and
‖∆h‖22 =
1
Vol(M)
∫
M
∆f∆h dµg − 1
Vol(M)
∫
M
Scalg
n− 1h∆f dµg,
we get (
n− 1
n
− Cδ
)
‖∆h‖22 ≤ Cδ‖∆f‖22.
Thus, we get
‖∇2f + Scalg
n(n− 1)fg‖2 ≤‖∇
2f +
∆f
n
g‖2 + 1√
n
‖∆h‖2 ≤ Cδ 12 ‖∆f‖2.

Remark 4.1. If in addition Cδ
1
2 ≤ 1
2
√
n
holds in Theorem 4.16, we have Scalg ≥
n(n − 1)C1 > 0 by Lemma 2.5. Thus, we normalize the metric so that Scalg =
n(n − 1). Theorem 4.16 shows that Main Theorem 1’ implies Main Theorem 2.
Note that if Scalg = n(n− 1) and Ric ≥ −Kg, then Ric ≤ (n+K)(n− 1).
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By Lemma 4.15, Theorem 4.16 and Main Theorem 1, we get Main Theorem 2.
Finally, we write down the statement of unnormalized version of Main Theorem 2.
Theorem 4.17. Given an integer n ≥ 2 and positive real numbers ǫ > 0, K > 0
and D > 0, there exists δ(n,K,D, ǫ) > 0 such that if (M, g) is an n-dimensional
closed Riemannian manifold with constant scalar curvature, −Kg ≤ Ric ≤ Kg,
diam(M) ≤ D and Ωn(g) ≥ n−1n −δ2, then we have Scalg > 0 and dGH(M,Sn(r)) ≤
ǫ, where we put r = (n(n− 1)/ Scalg)
1
2 .
5. Almost umbilical manifolds
In this section, we consider the relationship between the pinching condition on
λk(∆¯
E) and almost umbilical manifolds, and show Main Theorem 3, which asserts
that the almost umbilical manifold is close to the standard sphere under some
geometrical assumption.
5.1. Estimates by the extrinsic constants. In this subsection, we investigate
the relationship between the Riemannian invariants λk(∆¯
E) or Ωk(g) and some
extrinsic constants defined using the second fundamental form B or the mean cur-
vature H , e.g., ‖H‖2. In particular Proposition 5.6, which asserts that λn+1(∆¯E)
is small for n-dimensional almost umbilical manifolds, plays an important role to
prove Main Theorem 3. In this subsection we do not assume neither Ric ≥ −Kg
nor diam(M) ≤ D.
Notation 5.1. Let (M, g) be an n-dimensional Riemannian manifold and ι : (M, g)→
R
n+k an isometric immersion. Let ∇ and ∇0 be the Levi-Civita connection on
(M, g) and Rn+1 respectively. We define the second fundamental form B : Γ(TM)×
Γ(TM)→ Γ(TM⊥) to be
∇0XY = ∇XY +B(X,Y )
holds for any vector fields X,Y ∈ Γ(TM). Note that the second fundamental form
defines a section of T ∗M ⊗T ∗M ⊗TM⊥, i.e., B ∈ Γ(T ∗M ⊗T ∗M ⊗TM⊥). Define
H := − 1n trg B ∈ Γ(TM⊥). Let 〈·, ·〉0 denotes the standard inner product on Rn+k.
The immersion ι : (M, g)→ Rn+k is called totally umbilical if B+ g⊗H = 0 holds.
The following lemma is standard.
Lemma 5.2. Let (M, g) be an n-dimensional Riemannian manifold and ι : (M, g)→
R
n+k an isometric immersion. Take a vector v ∈ Rn+k and define a function
fv : M → R by
fv(x) := 〈ι(x), v〉0.
Then, we have the following equations:
(i) ∇2fv = 〈B(·, ·), v〉0.
(ii) ∆fv = n〈H, v〉0.
We first consider the relationship between Ω1(g) and the extrinsic properties.
Proposition 5.3. Let (M, g) be an n-dimensional closed Riemannian manifold and
ι : (M, g)→ Rn+k an isometric immersion. Then, we have
n2
(
n− 1
n
− Ω1(g)
)
‖H‖22 ≤ ‖B + g ⊗H‖22.
Proof. By the definition of Ω1(g), Lemma 4.15 and Lemma 5.2, we have
n2
(
n− 1
n
− Ω1(g)
)
‖〈H, v〉0‖22 =
(
n− 1
n
− Ω1(g)
)
‖∆fv‖22
≤ ‖∇2fv + ∆fv
n
g‖2 = ‖〈B + g ⊗H, v〉0‖22,
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for all v ∈ Rn+k. Let {v1, v2, . . . , vn+k} be the orthonormal basis on Rn+k. Since,
we have
n+k∑
i=1
‖〈H, vi〉0‖22 = ‖H‖22,
n+k∑
i=1
‖〈B + g ⊗H, vi〉0‖22 = ‖B + g ⊗H‖22,
we get the proposition. 
We get the following corollary immediately.
Corollary 5.4. Let (M, g) be an n-dimensional closed Riemannian manifold and
ι : (M, g) → Rn+k a isometric immersion. If ‖B + g ⊗ H‖22 ≤ δ‖H‖22 for some
δ > 0, then we have
Ω1(g) ≥ n− 1
n
− δ
n2
.
We next consider the case of immersed hypersurfaces, i.e., k = 1.
Notation 5.5. Let (M, g) be an n-dimensional oriented closed Riemannian man-
ifold and ι : (M, g) → Rn+1 an isometric immersion. Fix the unit normal vector
field ν ∈ Γ(TM⊥). Define a section A ∈ Γ(T ∗M ⊗ TM) to be
g(A(X), Y ) = −〈B(X,Y ), νx〉0
for any x ∈ M and X,Y ∈ TxM . Define h := 1n trA ∈ C∞(M). The immersion
ι : (M, g)→ Rn+1 is totally umbilical if and only if A− h Id = 0 holds.
Let us show that λn+1(∆¯
E) is small for the almost umbilical manifold in the
sense that the quantity ‖A− Id ‖2 is small.
Proposition 5.6. Let (M, g) be an n-dimensional oriented closed Riemannian
manifold and ι : (M, g)→ Rn+1 an isometric immersion. Then, we have
λn+1(∆¯
E) ≤ 2‖A− Id ‖22.
Proof. For each vector v ∈ Rn+1, we define a section Sv ∈ Γ(EM ) by
Sv := ∇fv + 〈ν, v〉0e.
Since we have ∇〈ν, v〉0 = 〈A(·), v〉0 and ∇2fv = −〈ν, v〉0A, we have
∇ESv = −〈ν, v〉0(A− Id) + 〈A(·) − Id(·), v〉0 ⊗ e.
Thus, we get ‖∇ESv‖22 ≤ 2|v|2‖A−Id ‖22. Since |Sv|2 = |∇fv|2+〈ν, v〉20 = |∇0fv|2 =
|v|2, we have ‖Sv‖22 = |v|2. Therefore, we get
‖∇ESv‖22 ≤ 2‖A− Id ‖22‖Sv‖22.
The map Rn+1 → Γ(EM ), v 7→ Sv is linear, and the image of the map is (n+1)-
dimensional. Thus, by the Rayleigh principle
λn+1(∆
E
) = inf
{
sup
S∈W\{0}
‖∇ES‖22
‖S‖22
:W is an (n+ 1)-dimensional subspace of Γ(E)
}
,
we get the proposition. 
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5.2. Application to the almost umbilical manifolds. In this subsection, we
show that the almost umbilical manifold is close to the standard sphere in several
senses under some assumptions.
We first show the stability result under the condition that ‖A − Id ‖2 is small.
The proof of following theorem was inspired by [37].
Theorem 5.7. Given an integer n ≥ 2 and positive real numbers ǫ > 0 and
K > 0, there exists a positive constant δ(n,K, ǫ) > 0 such that the following property
holds. Let (M, g) be an n-dimensional oriented closed Riemannian manifold with
Ric ≥ −Kg, and ι : (M, g)→ Rn+1 an isometric immersion. If
‖A− Id ‖2 ≤ δ,
then we have the following:
(i) dGH(M,S
n) ≤ ǫ and M is diffeomorphic to the n-dimensional standard
sphere.
(ii) dH(ι(M), SM ) ≤ ǫ, where SM is defined by
SM :=
{
a+
1
Vol(M)
∫
M
ι(x) dµg(x) ∈ Rn+1 : a ∈ Rn+1 with |a| = 1
}
.
(iii) There exists a closed subset E ⊂M such that Vol(M\E) ≤ ǫVol(M) and ι
is injective on E.
Proof. By Proposition 5.6, we have λn+1(∆¯
E) ≤ 2δ2.
To apply Main Theorem 1, we estimate the diameter of (M, g). Since we have
‖A− Id ‖22 = ‖A− h Id ‖22 + n‖h− 1‖22,
we get
‖A− h Id ‖2 ≤ δ,(74)
‖h− 1‖2 ≤ 1√
n
δ.(75)
By the Gauss equation, we have
Ric(X,Y )− (n− 1)h2g(X,Y )
=− g(A(X)− hX,A(Y )− hY ) + (n− 2)hg(A(X)− hX, Y )
for any X,Y ∈ Γ(TM). Thus, we get
(76) Ric−(n− 1)g ≥ −(n− 1)|h2 − 1| − |A− h Id |2 − (n− 2)|h||A− h Id |.
Define a map ρ : M → R≥0 by
ρ(x) :=(Ric−(n− 1)g)−(x)
:= inf {r ∈ R≥0 : Ric(X,X)− (n− 1) ≥ −r for all X ∈ TxM with |X | = 1}
for all x ∈M . We have ρ ≤ K + n− 1 by the assumption, and
ρ ≤ (n− 1)|h2 − 1|+ |A− h Id |2 + (n− 2)|h||A− h Id |
by (76). Therefore, we get
‖ρ‖nn ≤ (K + n− 1)n−1‖ρ‖1
≤ C(n,K) (‖h− 1‖2‖h+ 1‖2 + ‖A− h Id ‖22 + ‖h‖2‖A− h Id ‖2)
≤ Cδ
(77)
by (74) and (75).
By the Aubry’s theorem [3, Theorem 1.2], taking δ small enough, we get
diam(M) ≤
(
π + C(n,K)δ
1
10
)
≤ C(n,K).
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Thus, taking δ sufficient small, we get that M is diffeomorphic to Sn and that
dGH(M,S
n) ≤ τ(n,K|δ) by Main Theorem 1 and Proposition 5.6, where limδ→0 τ(n,K|δ) =
0. Thus, we get (i).
We next prove (ii). Without loss of generality, we can assume that∫
M
ι(x) dµg(x) = 0.
By [3, Proposition 1.5], (75) and (77), we have
(78) λ1(g) ≥ n− C(n,K)δ 1n ≥ n‖h‖2 − C(n,K)δ 1n .
By [4, Lemma 4.2], we have
Vol
(
M \A
Cδ
1
8n
)
≤ C(n,K)δ 18n Vol(M),
where we put
Aη := {x ∈M : 1‖h‖2 (1− η) ≤ |ι(x)| ≤
1
‖h‖2 (1 + η)}
for η > 0. For all x ∈M , there exists y ∈ A
Cδ
1
8n
such that d(x, y) ≤ C(n,K)δ 18n2 by
the Bishop-Gromov inequality (Theorem 2.13), where d denotes the intrinsic metric
onM . Since we have d(x, y) ≥ dRn+1(ι(x), ι(y)) for all x, y ∈M and |‖h‖2−1| ≤ Cδ
by (75), we get
(79) ||ι(x)| − 1| ≤ Cδ 18n2
for all x ∈ M . In particular, we have |ι(x)| > 0 for all x ∈ M . Define a map
Ψ: M → Sn by Ψ := ι/|ι|. Let us calculate the degree of Ψ. Define an orientation
on M to be (e1, . . . , en) (ei ∈ TxM) is positive if and only if (ι∗e1, . . . , ι∗en, ν(x))
is positive in Rn+1 for all x ∈ M . Similarly, define an orientation on Sn to be
(e1, . . . , en) (ei ∈ Rn+1 is tangent to Sn at x ∈ Sn) is positive if and only if
(e1, . . . , en, x) is positive in R
n+1. Take x ∈ M and a positive orthonormal basis
(e1, . . . , en) on TxM . Then, we have
Ψ∗e1 ∧ . . . ∧Ψ∗en ∧Ψ(x) = det dΨ(x) ∂
∂x1
∧ . . . ∧ ∂
∂xn+1
.
Let ι(x)T denotes the orthogonal projection of ι(x) on ι∗(TxM). Since we have
Ψ∗ei =
ι∗ei
|ι(x)| −
〈ι∗ei, ι(x)〉0
|ι(x)|3 ι(x)
and |ι(x)T | ≤ |ι(x)|, we get
|det dΨ(x)− 1|
≤
∣∣∣∣ 1|ι(x)|n ι∗e1 ∧ . . . ∧ ι∗en ∧Ψ(x)− ι∗e1 ∧ . . . ∧ ι∗en ∧ ν(x)
∣∣∣∣+ C|ι(x)T |
≤|Ψ(x)− ν(x)| + Cδ 18n2 + C|ι(x)T |
by (79). Thus, by [4, Lemma 4.1], (75) and (79), we get
‖ det dΨ− 1‖2 ≤‖Ψ− ν‖2 + Cδ
1
8n2 + C‖ιT ‖2
≤‖Ψ− ι‖2 +
∥∥∥∥ι− h‖h‖22 ν
∥∥∥∥
2
+
∥∥∥∥ h‖h‖22 − 1
∥∥∥∥
2
+ Cδ
1
8n2
≤C(n,K)δ 18n2 .
(80)
Since
degΨ =
1
Vol(Sn)
∫
M
det dΨ dµg,
EIGENVALUE PINCHING WITHOUT POSITIVE RICCI 49
we get
| degΨ− 1| ≤
∣∣∣∣degΨ− Vol(M)Vol(Sn)
∣∣∣∣+ ∣∣∣∣Vol(M)Vol(Sn) − 1
∣∣∣∣
≤Vol(M)
Vol(Sn)
‖ det dΨ− 1‖2 +
∣∣∣∣Vol(M)Vol(Sn) − 1
∣∣∣∣ .
By the volume convergence theorem [14], we have |Vol(M)−Vol(Sn)| ≤ τ(n,K|δ).
Thus, we get | degΨ − 1| ≤ τ(n,K|δ), and so we get degΨ = 1. In particular,
Ψ is surjective. Take arbitrary y ∈ Sn. Then, there exists x ∈ M with Ψ(x) =
y. Since |Ψ(x) − ι(x)| ≤ Cδ 18n2 , we get dRn+1(y, ι(x)) ≤ Cδ
1
8n2 . Thus, we get
dH(ι(M), SM ) ≤ C(n,K)δ
1
8n2 .
Finally, we show (iii). By the area formula, we get
(81)
∫
M
| det dΨ| dµg =
∫
Sn
H0(Ψ−1(y)) dµSn(y),
where H0 denotes the counting measure. Put
E1 :={y ∈ Sn : H0(Ψ−1(y)) = 1},
E2 :={y ∈ Sn : H0(Ψ−1(y)) ≥ 2}.
Then, we have
(82)
∫
Sn
H0(Ψ−1(y)) dµSn = Vol(Sn) +
∫
E2
(
H0(Ψ−1(y))− 1) dµSn(y).
Since we have∫
M
| det dΨ| dµg ≤
∫
M
| det dΨ− 1| dµg +Vol(M) ≤Vol(M)(1 + ‖ det dΨ− 1‖2)
≤Vol(Sn) + τ(n,K|δ)
by (80), we get
Vol(E2) ≤
∫
E2
(
H0(Ψ−1(y))− 1) dµSn(y) ≤ τ(n,K|δ)
by (81), (82). Thus, we get∫
E2
H0(Ψ−1(y)) dµSn(y) =
∫
E2
(
H0(Ψ−1(y))− 1) dµSn(y) + Vol(E2) ≤ τ(n,K|δ).
There exists a open subset V ⊂ Sn such that E2 ⊂ V and Vol(V \ E2) ≤ δ. Then,
we have ∫
V
H0(Ψ−1(y)) dµSn(y) =
∫
E2
H0(Ψ−1(y)) dµSn(y) + Vol(V \ E2)
≤τ(n,K|δ).
(83)
By the area formula, we have∫
V
H0(Ψ−1(y)) dµSn(y) =
∫
Ψ−1(V )
| det dΨ| dµg
≥Vol(Ψ−1(V ))−Vol(M)‖ detdΨ− 1‖2.
(84)
Thus, we get Vol(Ψ−1(V )) ≤ τ(n,K|δ) by (80), (83) and (84). Since the map ι is
injective on E :=M \Ψ−1(V ), we get (iii). 
The following lemma, which asserts that the mean curvature h is almost constant
in L2 sense for the almost umbilical manifold in the sense that ‖A−h Id ‖2 is small
under the assumption on Ricci curvature, was proved in [11]. We write down the
proof here because it is short.
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Lemma 5.8. Given an integer n ≥ 2 and a positive real number K > 0, there exists
a positive constant C(n,K) > 0 such that the following property holds. Let (M, g)
be an n-dimensional oriented closed Riemannian manifold with Ric ≥ −Kλ1(g)g,
and ι : (M, g)→ Rn+1 an isometric immersion. Put
h =
1
Vol(M)
∫
M
h dµg.
Then, we have
(i) ‖h− h‖2 ≤ C‖A− h Id ‖2.
(ii) ‖A− h Id ‖2 ≤ C‖A− h Id ‖2.
Proof. Take a function f ∈ C∞(M) with ∫
M
f dµg = 0 and ∆f = h− h. Since we
have tr(∇XA) = nXh for all X ∈ Γ(TM), we get
n∇h = −∇∗A
by the Codazzi equality, and so we get
∇∗(A− hg) = −(n− 1)∇h.
Therefore, we have
‖h− h‖22 =
1
Vol(M)
∫
M
(h− h)∆f dµg
=
1
Vol(M)
∫
M
〈∇h,∇f〉 dµg
=− 1
n− 1
1
Vol(M)
∫
M
〈∇∗(A− hg),∇f〉 dµg
=− 1
n− 1
1
Vol(M)
∫
M
〈(A − hg),∇2f + ∆f
n
g〉 dµg
≤ 1
n− 1‖A− hg‖2‖∇
2f +
∆f
n
g‖2.
(85)
By the Bochner formula, we have
‖∇2f + ∆f
n
g‖22 =
n− 1
n
‖∆f‖22 −
1
Vol(M)
∫
M
Ric(∇f,∇f) dµg
≤n− 1
n
‖∆f‖22 +Kλ1(g)‖∇f‖22
≤
(
K +
n− 1
n
)
‖∆f‖22 =
(
K +
n− 1
n
)
‖h− h‖22.
(86)
By (85) and (86), we get
‖h− h‖2 ≤ 1
n− 1
√
K +
n− 1
n
‖A− hg‖2.
Therefore, we get
‖A− h Id ‖22 = ‖A− hId‖22 + n‖h− h‖22 ≤
n
n− 1
(
K
n− 1 + 1
)
‖A− h Id ‖22.

Let us normalize the mean curvature so that ‖h‖2 = 1 for simplicity.
Corollary 5.9. Given an integer n ≥ 2 and positive real numberK > 0, there exists
a positive constant C(n,K) > 0 such that the following property holds. Let (M, g) be
an n-dimensional oriented closed Riemannian manifold with Ric ≥ −Kλ1(g)g, and
ι : (M, g)→ Rn+1 an isometric immersion. If ‖h‖2 = 1, we have either ‖A−Id ‖2 ≤
C‖A− hg‖2 or ‖A+ Id ‖2 ≤ C‖A− hg‖2.
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Proof. Since we have |1− |h|| ≤ C‖A− h Id ‖2 by Lemma 5.8 (i), we get
‖A− Id ‖2 ≤ C‖A− h Id ‖2.
if h ≥ 0, and
‖A+ Id ‖2 ≤ C‖A− h Id ‖2.
if h < 0 by Lemma 5.8 (ii). Thus, we get the corollary. 
Notation 5.10. Let (M, g) be a Riemannian manifold. In this subsection, let
(M˜, g˜) be the orientable Riemannian covering of (M, g) with two sheets if M is not
orientable, and (M˜, g˜) = (M, g) if M is orientable.
Let us show that the unorientable case cannot occur for the almost umbilical
manifold in sense that ‖B + g ⊗H‖2 is small under the assumption on the Ricci
curvature.
Corollary 5.11. Given an integer n ≥ 2 and a positive real number and K > 0,
there exists δ(n,K) > 0 such that the following property holds. Let (M, g) be an
n-dimensional closed Riemannian manifold and ι : (M, g) → Rn+1 an isometric
immersion. If Ric ≥ −Kλ1(g˜)g and ‖B + g ⊗ H‖2 ≤ δ‖H‖2 holds, then M is
orientable.
Proof. Suppose that M is not orientable and let π : M˜ → M be a covering map.
Then, ι◦π : M˜ → Rn+1 is also isometric immersion. Fix the unit normal vector field
ν˜ ∈ Γ(TM˜⊥). Let B˜ ∈ Γ(T ∗M˜ ⊗ T ∗M˜ ⊗ TM˜⊥) be the second fundamental form
of M˜ and H˜ := − 1n tr B˜ the mean curvature. Define a section A˜ ∈ Γ(T ∗M˜ ⊗ TM˜)
to be
g˜(A˜(X), Y ) = −〈B˜(X,Y ), ν˜x〉0
for any x ∈ M˜ and X,Y ∈ TxM˜ . Put h˜ := 1n tr A˜ ∈ C∞(M˜). Consider the
covering transformation Π: M˜ → M˜ , which satisfies π ◦Π = π and Π2 = Id. Then,
we have ν˜(Π(x)) = −ν˜(x) ∈ Rn+1, and B˜(X,Y ) = B˜(Π∗X,Π∗Y ) ∈ Rn+1 for all
X,Y ∈ TxM˜ . Thus, we have g˜(A˜(X), Y ) = −g˜(A˜(Π∗X),Π∗Y ), and so h˜ ◦Π = −h˜.
Therefore, we get
(87)
∫
M˜
h˜ dµg˜ = 0.
By the assumption, we have ‖A˜− h˜ Id ‖2 ≤ δ‖h˜‖2. Thus, by Lemma 5.8 and (87),
we get
‖h˜‖2 ≤ C‖A˜− h˜ Id ‖2 ≤ Cδ‖h˜‖2.
If δ > 0 is sufficiently small, this inequality cannot occur. Therefore, we get the
corollary. 
We prove Main Theorem 3 under slightly weaker assumptions (without assuming
orientability). We show that the almost umbilical manifold in sense that ‖B + g ⊗
H‖2 is small is close to the standard sphere under the assumption on the Ricci
curvature.
Theorem 5.12. Given an integer n ≥ 2 and positive real numbers ǫ > 0 and
K > 0, there exists δ(n,K, ǫ) > 0 such that the following property holds. Let
(M, g) be an n-dimensional closed Riemannian manifold and ι : (M, g)→ Rn+1 an
isometric immersion. If Ric ≥ −Kλ1(g˜)g and ‖B + g ⊗H‖2 ≤ δ‖H‖2 holds, then
we have the following:
(i) dGH(M,S
n(1/‖H‖2)) ≤ ǫ/‖H‖2 andM is diffeomorphic to the n-dimensional
standard sphere.
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(ii) dH(ι(M), SM ) ≤ ǫ/‖H‖2, where SM is defined by
SM :=
{
a+
1
Vol(M)
∫
M
ι(x) dµg(x) ∈ Rn+1 : a ∈ Rn+1 with |a| = 1‖H‖2
}
.
(iii) There exists a closed subset E ⊂M such that Vol(M\E) ≤ ǫVol(M) and ι
is injective on E.
Proof. By Corollary 5.11, M is orientable. By the scaling, we can assume ‖h‖2 = 1.
Note that ‖H‖2 = ‖h‖2 and ‖B + g ⊗ H‖2 = ‖A − h Id ‖2. Considering −ν if
necessary, we have
‖A− Id ‖2 ≤ C‖A− hg‖2 ≤ Cδ
by Corollary 5.9. Moreover, by the Reilly inequality [35], we have λ1(g) ≤ n, and
so Ric ≥ −nKg. Thus, we get the theorem by Theorem 5.7. 
Remark 5.1. If Ricg ≥ −Kg and diam(M) ≤ D, then we have Ricg˜ ≥ −Kg˜
and diam(M˜) ≤ 2D, and so Ricg˜ ≥ −C(n,K,D)λ1(g˜)g˜ by the Li-Yau estimate
λ1(g˜) ≥ C(n,K,D) > 0 [39, p.116].
6. Examples and the converse of Main Theorem 1
In this section, we give some examples of the collapsing sequence of Riemannian
manifolds such that the values of λk(∆¯
E) are not continuous, and consider the
converse of Main Theorem 1 for non-collapsing cases.
Example 6.1. Take positive integers n1, n2 ∈ Z>0 and positive real numbers K > 0
and D > 0. Put n = n1+n2. Let (Ni, gi) (i = 1, 2) be closed Riemannian manifolds
of dimension ni with Ricg1 ≥ −Kg1, diam(N1, g1) ≤ D and Ricg2 ≥ 0. For each
r > 0, we consider the metric Gr = g1 + r
2g2 on M = N1 × N2. Then, we have
RicGr ≥ −KGr for any r > 0, and (M,Gr) converges to (N1, g1) as r → 0 in the
measured Gromov-Hausdorff sense. By [1, Proposition 2.14], we have
Ω1(Gr) ≤ max
{
n1 − 1
n1
,
n2 − 1
n2
}
≤ n− 2
n− 1 .
Thus, by Lemma 4.15 and (4), we have
‖(∇Gr )2f + fGr‖22 ≥ ‖(∇Gr )2f +
∆Grf
n
Gr‖22 ≥
1
n(n− 1)‖∆
Grf‖22
for all f ∈ C∞(M). Therefore, by Proposition 4.4, lim infr→0 λ1(∆¯E , (M,Gr)) ≥
C(n,K,D) > 0 holds. In particular, if (N1, g1) is isometric to the standard sphere
of radius 1, then
lim inf
r→0
λ1(∆¯
E , (M,Gr)) ≥ C(n) > λ1(∆¯E , (N1, g1)) = 0.
Example 6.2. Take an integers n ≥ 2 and a positive real number K > 0. Let
{(Mi, gi)}i∈N be arbitrary sequence of n-dimensional closed Riemannian manifolds
such that Ricgi ≥ −Kgi and (Mi, gi) converges to Sn−1 in the measured Gromov-
Hausdorff sense. Then, by Main Theorem 1, we have
lim inf
r→0
λn(∆¯
E ,Mi) ≥ C(n,K) > λn(∆¯E , Sn−1) = 0.
The above examples tells us that the continuity of the value of λk(∆¯
E) in the
measured Gromov-Hausdorff topology does not hold in general. However, under the
non-collapsing assumption, we have the following property using the methods in
[26] (see Appendix B for details). For any non-collapsed sequence of n-dimensional
closed Riemannian manifolds {(Mi, gi)}i∈N with |Ricgi | ≤ K and diam(Mi) ≤
D, and its Gromov-Hausdorff limit X , we can define λk(∆¯
E , X), and we have
limi→∞ λk(∆¯E ,Mi) = λk(∆¯E , X) for all k ∈ N. In particular, we get the following.
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Proposition 6.1. Given an integer n ≥ 2 and positive real numbers ǫ > 0 and
K > 0, there exists a positive constant δ(n,K, ǫ) > 0 such that if (M, g) is an
n-dimensional closed Riemannian manifold with |Ricg | ≤ K and dGH(M,Sn) ≤ δ,
then λn+1(∆¯
E ,M) ≤ ǫ.
Since the standard sphere is smooth, the above proposition also follows from [8,
Theorem 7.2]. The question whether we need to assume the upper bound of Ricci
curvature in Proposition 6.1 is related to (Q5.4) and (Q5.5) in [26]. We give the
following conjecture.
Conjecture 6.2. Given an integer n ≥ 2 and positive real numbers ǫ > 0 and
K > 0, there exists a positive constant δ(n,K, ǫ) > 0 such that if (M, g) is an n-
dimensional closed Riemannian manifold with Ricg ≥ −Kg and dGH(M,Sn) ≤ δ,
then λn+1(∆¯
E ,M) ≤ ǫ.
Appendix A. Spherical multi-suspension
In this appendix we show the following multi-suspension theorem, which gives
an approximation of the shape of the Riemannian manifold under the pinching
condition on λk(∆¯
E), based on the methods of [23]. As a consequence, we give
another proof of Main Theorem 1.
Theorem A.1. Given integers n ≥ 2 and 1 ≤ k ≤ n+1, and positive real numbers
ǫ > 0, K > 0 and D > 0, there exists δ(n,K,D, ǫ) > 0 such that if (M, g) is an
n-dimensional closed Riemannian manifold with Ric ≥ −Kg, diam(M) ≤ D and
λk(∆¯
E) ≤ δ, then we have one of the following:
(i) dGH(M,S
k−1) ≤ ǫ,
(ii) dGH(M,S
k) ≤ ǫ,
(iii) There exists a compact geodesic space Z such that dGH(M,S
k−1 ∗ Z) ≤
ǫ, where Sk−1 ∗ Z denotes the k-fold spherical suspension of Z (see the
definition below).
In the following, we show that each Bij in Proposition 2.19 is close to the spher-
ical suspension, and prove Theorem A.1 by iteration.
We first recall some basic definitions.
Definition A.2. Let Z be a metric space.
(i) We say Z is a geodesic space if for each z1, z2 ∈ Z, there exists a minimal
geodesic c : [0, d(z1, z2)]→ Z connecting them, i.e., c(0) = z1, c(d(z1, z2)) =
z2 and d(c(t1), c(t2)) = |t1 − t2| holds for all t1, t2 ∈ [0, d(z1, z2)]. Given
points z1, z2 ∈ Z, γz1,z2 denotes one of minimal geodesics connecting them.
(ii) We define an equivalence relation ∼ on [0, π] × Z by (0, z1) ∼ (0, z2) and
(π, z1) ∼ (π, z2) for all z1, z2 ∈ Z. Define a metric d on ([0, π] × Z)/ ∼ to
be
cos d([t1, z1], [t2, z2]) = cos t1 cos t2 + sin t1 sin t2 cosmin{d(z1, z2), π}
and 0 ≤ d([t1, z1], [t2, z2]) ≤ π for all [t1, z1], [t2, z2] ∈ ([0, π] × Z)/ ∼. The
metric space (([0, π]×Z)/ ∼, d) is called the spherical suspension of Z and
denoted by S0 ∗ Z. Define 0∗ := [0, z] ∈ S0 ∗ Z and π∗ := [π, z] ∈ S0 ∗ Z.
(iii) For any positive integer k ∈ Z>0, we define Sk ∗ Z := S0 ∗ (Sk−1 ∗ Z) and
[t1, . . . , tk+1, z] := [t1, [t2, . . . , tk+1, z]] ∈ Sk ∗ Z inductively. We call Sk ∗ Z
the k-fold spherical suspension of Z.
(iv) We define an equivalence relation ∼′ on [0,∞)× Z by (0, z1) ∼′ (0, z2) for
all z1, z2 ∈ Z. Define a metric d on ([0,∞)× Z)/ ∼′ by
d([t1, z1], [t2, z2]) :=
(
t21 + t
2
2 − 2t1t2 cosmin{d(z1, z2), π}
) 1
2 .
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The metric space (([0,∞) × Z)/ ∼′, d) is called the metric cone of Z and
denoted by C(Z). Put 0∗ = [0, z] ∈ C(Z).
The spherical suspension is the generalization of the warped product metric with
warping function sin t. For an (n− 1)-dimensional Riemannian manifold (Z, gn−1),
the distance on (0, π)×Z induced by the warped product metric g = dt2+sin2 tgn−1
coincides with the spherical suspension metric. If the Riemannian metric extends
smoothly to the endpoints 0∗ and π∗ in ([0, π]×Z)/ ∼, then (Z, gn−1) is isometric to
the (n− 1)-dimensional standard sphere of radius 1. Note that the warped product
metric on ([0, π]× Sn−1)/ ∼ with warping function sin t coincides with the metric
on the n-dimensional standard sphere, and so we have Sn = S0 ∗Sn−1. Inductively
we have Sn = Sn−1 ∗ {0, π}.
Definition A.3. Let (X, x, d) be a pointed metric space.
(i) We say a sequence of pointed metric spaces {(Xi, xi, di)}i∈N converges to
(X, x, d) in the pointed Gromov-Hausdorff sense if for all R > 0, there exists
a sequence of positive real numbers {ǫi}i∈N such that limi→∞ ǫi = 0 and a
sequence of ǫi-Hausdorff approximation maps {ψi : BR(x)→ BR(xi)}i∈N.
(ii) We say a pointed metric space (Y, y, d′) is the tangent cone of X at x if there
exists a sequence of positive real numbers {ri}i∈N such that limi→∞ ri =
0 and {(X, x, r−1i d)}i∈N converges to (Y, y, d′) in the pointed Gromov-
Hausdorff sense.
Note that if a (pointed) metric space X (or (X, x)) is a (pointed) Gromov-
Hausdorff limit of a sequence of geodesic spaces, then X is also geodesic space.
We next recall some facts and definitions about Ricci limit spaces. Let {(Mi, gi, pi)}
be a sequence of pointed closed Riemannian manifolds with Rici ≥ −Kgi and
diam(Mi) ≤ D (K,D > 0). Then, there exist a subsequence (denote it again by
{(Mi, gi, pi)}) and a pointed geodesic space (X, p, ν) with a Radon measure ν such
that {(Mi, gi)} converges to (X, p) in the pointed Gromov-Hausdorff sense and
lim
i→∞
Vol(Br(xi))
Vol(B1(pi))
= ν(Br(x))
for all r > 0, xi ∈ Mi and x ∈ X with limi→∞ d(ψi(xi), x) = 0, where ψi is
a Hausdorff approximation map that we used for the definition of the pointed
Gromov-Hausdorff convergence (see Theorem 1.6 and Theorem 1.10 of [8]). We
call such ν a limit measure. We can consider the cotangent bundle π : T ∗X → X
with a canonical inner product by [5] and [9] (see also [25, Section 2] for a short
review). We have ν(X \ π(T ∗X)) = 0 and T ∗xX := π−1(x) is a finite dimensional
vector space with an inner product for all x ∈ π(T ∗X). For all Lipschitz function f
onX , we can define df(x) ∈ T ∗xX for almost all x ∈ X , and we have df ∈ L∞(T ∗X).
Let LIP(X) be the set of the Lipschitz functions on X . For all f ∈ LIP(X), we
define ‖f‖2H1,2 = ‖f‖22 + ‖df‖22. Let H1,2(X) be the completion of LIP(X) with
respect to this norm. Define
D2(∆, ν) :=
{
f ∈ H1,2(X) : there exists F ∈ L2(X) such that∫
X
〈df, dh〉 dν =
∫
X
Fh dν for all h ∈ H1,2(X)
}
.
For any f ∈ D2(∆, ν), the function F ∈ L2(X) is uniquely determined. Thus, we
define ∆f := F . For all sequence fi ∈ L2(Mi) and f ∈ L2(X), we say that fi
converges to f weakly in L2 (see [25]) if
sup
i∈N
‖fi‖2 <∞,
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and for all r > 0, xi ∈Mi and x ∈ X with limi→∞ d(ψi(xi), x) = 0, we have
lim
i→∞
1
Vol(B1(pi))
∫
Br(xi)
fi dµgi =
∫
Br(x)
f dν.
We say that fi converges to f strongly in L
2 if fi converges to f weakly in L
2, and
lim sup
i→∞
‖fi‖2 ≤ ‖f‖2
holds. Note that if fi converges to f weakly in L
2, then
lim inf
i→∞
‖fi‖2 ≥ ‖f‖2
by [25, Proposition 3.29].
We need the following easy lemma.
Lemma A.4. Let (M, g) be a complete Riemannian manifold. Take arbitrary ǫ > 0.
If points p, a, b ∈M satisfies d(p, a) + d(a, b) ≤ d(p, b) + ǫ and γa,b(s) ∈ Ip \ {p} for
almost all s ∈ [0, d(a, b)], then we have d(p, a) + d(a, γa,b(s)) ≤ d(p, γa,b(s)) + ǫ for
all s ∈ [0, d(a, b)], and ∫ d(a,b)
0
(
1− 〈γ˙a,b(s), ∂
∂r
〉
)
ds ≤ ǫ,
where ∂∂r denotes γ˙p,x(d(p, x)) ∈ TxM for all x ∈ Ip \ {p}.
Remark A.1. Since
∣∣γ˙a,b(s)− ∂∂r ∣∣2 = 2 (1− 〈γ˙a,b(s), ∂∂r 〉), we have∫ d(a,b)
0
∣∣∣∣γ˙a,b(s)− ∂∂r
∣∣∣∣ ds ≤ (2d(a, b)ǫ) 12 .
Proof. The first assertion is trivial. The map d(γa,b(·), p) : [0, d(a, b)] → R>0 is
Lipschitz continuous and (d(γa,b(s), p))
′ = 〈γ˙a,b(s), ∂/∂r〉 for all s with γa,b(s) ∈
Ip \ {p}. Since ∫ d(a,b)
0
(d(γa,b(s), p))
′ ds = d(b, p)− d(a, p),
we get the lemma. 
The following proposition asserts that each Bij in Proposition 2.19 is close to
the spherical suspension.
Proposition A.5. Given an integers n ≥ 2, and positive real numbers K > 0 and
D > 0, then there exists η(n,K,D) > 0 such that the following property holds.
Take a positive real number 0 < δ ≤ η. Let (M, g) be an n-dimensional closed
Riemannian manifold with Ric ≥ −Kg and diam(M) ≤ D. Suppose that a non-
zero function f ∈ C∞(M) satisfies ‖∇2f + fg‖2 ≤ δ‖f‖2. Under the notation of
Proposition 2.19, for all i, j with |d(xi, xj) − π| ≤ δ 1200n2 , we have dGH(Bij , S0 ∗
Zij) ≤ C(n,K,D)δ
1
4000n2 , where we put Zij := {x ∈ Bij : d(xi, x) = d(xj , x)}.
Proof. We first suppose that δ ≤ δ2. Since we have either mi = mj + 1 or mi =
mj − 1, we can assume that xi ∈ Ami and xj ∈ Ami+1.
Let us apply Lemma 2.14 to each y1 ∈ Q and y2 ∈ D(y1).
Claim A.6. For all y1 ∈ Q and y2 ∈ D(y1) (see Lemma 2.12), we have∣∣ cos d(p, y1)− cos d(p, y2) cos d(y1, y2)
+ 〈∇f1(y2), γ˙y1,y2〉 sin d(y1, y2)
∣∣ ≤ C(n,K,D)δ 148n .
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Proof of Claim A.6. Take arbitrary y1 ∈ Q and y2 ∈ D(y1). Since we have∫ d(y1,y2)
0
∣∣∣∣ ∂2∂s2 (f1 ◦ γy1,y2(s)) + f1 ◦ γy1,y2(s)
∣∣∣∣ ds ≤ δ 16 ,
we get |f1 ◦ γy1,y2(d(y1, y2)− s)− f1(y2) cos s+ 〈∇f1(y2), γ˙y1,y2〉 sin s| ≤ sinhDδ
1
6
for all s ∈ [0, d(y1, y2)] by applying Lemma 2.14 to f1 ◦γy1,y2(d(y1, y2)−s). Putting
s = d(y1, y2), we get the claim by ‖f1 − cos d(p, ·)‖∞ ≤ Cδ 148n (see Proposition
2.15). 
Let us replace ∇f by ∇ cos d(p, ·) in Claim A.6 using ‖∇f1 − ∇ cos d(p, ·)‖2 ≤
Cδ
1
48n (see Proposition 2.15), and get the integral pinching condition.
Claim A.7. For all y1 ∈ Q, we define Fy1 : M → R≥0 by
Fy1(y2) :=
∣∣∣ cos d(p, y1)−cos d(p, y2) cos d(y1, y2)−〈γ˙y1,y2 , ∂∂r 〉 sin d(p, y2) sin d(y1, y2)∣∣∣
for all y2 ∈ Ip∩Iy1\{p, y1} and Fy1(y2) = 0 otherwise, where ∂∂r denotes γ˙p,x(d(p, x)) ∈
TxM for all x ∈ Ip \ {p}. Then, we have
1
Vol(M)
∫
M
Fy1 dµg ≤ C(n,K,D)δ
1
48n .
Proof of Claim A.7. Take arbitrary y1 ∈ Q. Since have Vol(M\D(y1)) ≤ δ 16 Vol(M)
and Fy1 ≤ 3, we get
1
Vol(M)
∫
M
Fy1 dµg ≤
1
Vol(M)
∫
D(y1)
∣∣∣ cos d(p, y1)− cos d(p, y2) cos d(y1, y2)
+ 〈∇f1(y2), γ˙y1,y2〉 sin d(y1, y2)
∣∣∣ dy2
+ ‖∇f1 + sin d(p, ·) ∂
∂r
‖1 + 3δ 16
≤Cδ 148n
by Claim A.6 and Proposition 2.15. Thus, we get the claim. 
Similarly to Lemma 2.12, let us get the pinching condition on the segments using
the integral pinching condition on the manifold.
Claim A.8. For each y1 ∈ Q and y2 ∈M , we define
Ey1(y2) :=
{
y3 ∈ Iy2 \ {y2} :
∫ d(y2,y3)
0
Fy1 ◦ γy2,y3(s) ds ≤ δ
1
144n , and we have
γy2,y3(s) ∈ Ip ∩ Iy1 \ {p, y1} for almost all s ∈ [0, d(y2, y3)]
}
,
and
Ry1 := {y2 ∈M : Vol(Ey1(y2)) ≥ (1− δ
1
144n )Vol(M)}.
Then, we have
Vol(Ry1) ≥ (1 − C(n,K,D)δ
1
144n )Vol(M).
Proof of Claim A.8. By applying the segment inequality Theorem 2.11 to functions
Fy1 and 1 − χIp∩Iy1\{p,y1} (here χIp∩Iy1\{p,y1}(x) = 1 for all x ∈ Ip ∩ Iy1 \ {p, y1}
and χIp∩Iy1\{p,y1}(x) = 0 otherwise), we get the claim by Claim A.7 similarly to
Lemma 2.12. 
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Now, we define an approximation map. Define φij : Bij → Zij as follows. If
x ∈ Bij satisfies d(x, xi) ≤ d(x, xj), then
d(xi, γx,xj(0)) ≤d(xj , γx,xj(0)),
d(xi, γx,xj(d(x, xj))) ≥d(xj , γx,xj(d(x, xj))) = 0.
Thus, we can choose s ∈ [0, d(x, xj)] with d(xi, γx,xj(s)) = d(xj , γx,xj(s)), and
define φij(x) := γx,xj(s) ∈ Im γx,xj ∩ Zij . Similarly, if d(x, xi) > d(x, xj), we
define φij(x) to be φij(x) ∈ Im γx,xi ∩ Zij . We define an approximation map
ψij : Bij → S0 ∗ Zij by
ψij(x) :=

0∗ (d(x, xi) ≤ δ
1
2000n2 ),
[d(x, xi), φij(x)] (d(x, xi) > δ
1
2000n2 and d(x, xj) > δ
1
2000n2 ),
π∗ (d(x, xj) ≤ δ 12000n2 ).
We list some basic properties of the metric on Bij .
Claim A.9. We have the following properties.
(i) For all x ∈ Zij, we have |d(x, xi)− π/2| ≤ Cδ
1
250n2 and |d(x, xj)− π/2| ≤
Cδ
1
250n2 .
(ii) For all x ∈ Bij, we have |d(p, x)−(miπ+d(x, xi))| ≤ Cδ 1250n2 and |d(p, x)−
((mi + 1)π − d(x, xj))| ≤ Cδ
1
250n2 .
(iii) For all x ∈ Bij with d(x, xi) ≤ d(x, xj), we have d(p, x) + d(x, φij(x)) ≤
d(p, φij(x)) + Cδ
1
250n2 .
(iv) For all x ∈ Bij with d(x, xi) > d(x, xj), we have d(p, φij(x))+d(φij(x), x) ≤
d(p, x) + Cδ
1
250n2 .
Claim A.9 is easy consequence of the inequalities |d(p, xi) − miπ| ≤ δ 1100n ,
|d(p, xj) − (mi + 1)π| ≤ δ 1100n , |d(xi, xj) − π| ≤ δ
1
200n2 and d(x, xi) + d(x, xj) ≤
d(xi, xj) + δ
1
250n2 (x ∈ Bij) in Proposition 2.19.
Let us compare the cosine of the metric on Bij and that of the spherical suspen-
sion metric (see Definition A.2 (ii)).
Claim A.10. Define Gij := {x ∈ Bij : d(x, xi) > δ
1
2000n2 , d(x, xj) > δ
1
2000n2 }.
Then, we have∣∣∣ cos d(y1, y2)− cos d(xi, y1) cos d(xi, y2)
− sind(xi, y1) sin d(xi, y2) cos d(φij(y1), φij(y2))
∣∣∣ ≤ C(n,K,D)δ 11000n2
for all y1, y2 ∈ Gij.
Proof of Claim A.10. Take arbitrary y1, y2 ∈ Gij . Put y3 := φij(y2). By Lemma
2.12, Claim A.8 and the Bishop-Gromov inequality (Theorem 2.13), there exists
points y˜1 ∈ Q, y˜2 ∈ Ry˜1 and y˜3 ∈ Ey˜1(y˜2) with d(yk, y˜k) ≤ Cδ
1
144n2 for k = 1, 2, 3.
Put l(s) = d(y˜1, γy˜2,y˜3(s)). Then, by the first variation formula, we have l
′(s) =
〈γ˙y˜1,γy˜2,y˜3(s)(l(s)), γ˙y˜2,y˜3(s)〉 for all s ∈ Iy˜1\{y˜1}. Suppose that d(y2, xi) ≤ d(y2, xj).
Then, we have d(p, y˜2)+d(y˜2, y˜3) ≤ d(p, y˜3)+Cδ
1
250n2 by Claim A.9 (iii). Thus, by
Lemma A.4 and the definition of Ey˜1(y˜2), we get∫ d(y˜2,y˜3)
0
| cos d(p, y˜1)− cos(d(p, y˜2) + s) cos l(s)
+ sin(d(p, y˜2) + s)(cos l(s))
′| ds ≤ Cδ 1500n2 .
(88)
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Here, we have
cosd(p, y˜1)− cos(d(p, y˜2) + s) cos l(s) + sin(d(p, y˜2) + s)(cos l(s))′
=sin(d(p, y˜2) + s)(cos l(s)− cos d(p, y˜1) cos(d(p, y˜2) + s))′
− (sin(d(p, y˜2) + s))′(cos l(s)− cos d(p, y˜1) cos(d(p, y˜2) + s))
=(sin(d(p, y˜2) + s))
2
(
cos l(s)− cos d(p, y˜1) cos(d(p, y˜2) + s)
sin(d(p, y˜2) + s)
)′
.
(89)
Since we have miπ + δ
1
2000n2 − Cδ 1250n2 ≤ d(p, y˜2) + s ≤ (mi + 1/2)π + Cδ
1
250n2
for all s ∈ [0, d(y˜2, y˜3)], we can assume that miπ + 12δ
1
2000n2 ≤ d(p, y˜2) + s ≤
(mi + 1)π − 12δ
1
2000n2 by taking δ sufficient small. Thus, we have
(90)
1
(sin(d(p, y˜2) + s))2
≤ Cδ− 11000n2 .
By (88), (89), (90) and Claim A.9, we get∣∣∣ cos d(y1, y2)− cos d(p, y1) cos d(p, y2)
− (−1)mi sin d(p, y2) cos d(y1, φij(y2))
∣∣∣ ≤ Cδ 11000n2 .(91)
Similarly, we have (91) for the case d(y2, xi) > d(y2, xj). Using (91) for the pair
(φij(y2), y1), we get∣∣∣ cos d(φij(y2), y1)− cos d(p, φij(y2)) cos d(p, y1)
− (−1)mi sin d(p, y1) cos d(φij(y2), φij(y1))
∣∣∣ ≤ Cδ 11000n2 .(92)
By Claim A.9 (i) we have | cos d(p, φij(y2))| ≤ Cδ
1
250n2 . Combining this, (91) and
(92), we get the claim. 
The following claim shows that ψij satisfies one of the property of the Hausdorff
approximation map (Definition 2.3 (i)).
Claim A.11. We have
|d(y1, y2)− d(ψij(y1), ψij(y2))| ≤ C(n,K,D)δ
1
2000n2
for all y1, y2 ∈ Bij.
Proof of Claim A.11. Since d(y1, y2) ≤ π + Cδ
1
250n2 and d(φij(y2), φij(y1)) ≤ π +
Cδ
1
250n2 , we get the claim by Lemma 2.18 and Claim A.10. 
Finally, we show that ψij satisfies the other property of the Hausdorff approxi-
mation map.
Claim A.12. ψij(Bij) is C(n,K,D)δ
1
4000n2 -dense in S0 ∗Zij (see Definition 2.3).
Proof of Claim A.12. Take arbitrary [t, z] ∈ S0 ∗ Zij with 2δ
1
2000n2 < t < π −
2δ
1
2000n2 . Suppose that t ≥ π/2. Put x = γz,xj (t − π/2). Since we have d(x, z) =
t− π/2, |d(xi, z)− π/2| ≤ Cδ
1
250n2 and |d(xi, x)− t| ≤ Cδ
1
250n2 , we get x ∈ Gij by
taking δ sufficient small, and by Claim A.10,∣∣∣cos(t− π
2
)
− sin t cos d(φij(x), z)
∣∣∣ ≤ Cδ 11000n2 .
Since cos (t− π/2) = sin t and 1/| sin t| ≤ Cδ− 12000n2 ,
|1− cos d(φij(x), z)| ≤ Cδ
1
2000n2 .
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Thus, we get
| cosd(ψij(x), [t, z])− 1| ≤ Cδ
1
2000n2 .
By Lemma 2.18, we get d(ψij(x), [t, z]) ≤ Cδ
1
4000n2 . Similarly, putting x = γz,xi(π/2−
t), we have d(ψij(x), [t, z]) ≤ Cδ
1
4000n2 for the case t < π/2. Since{
[t, z] ∈ S0 ∗ Zij : 2δ
1
2000n2 < t < π − 2δ 12000n2 and z ∈ Zij
}
is 2δ
1
2000n2 -dense in S0 ∗ Zij , we get the claim. 
By Claim A.11 and Claim A.12, we get that the map ψij : Bij → S0 ∗ Zij is a
C(n, k,D)δ
1
4000n2 -Hausdorff approximation. Thus, we get the proposition. 
Rewording Proposition 2.19 and Proposition A.5 by using the limit space, we
immediately get the following corollary.
Corollary A.13. Take an integer n ≥ 2, positive real numbers K > 0 and D >
0 and a sequence of positive real numbers {δi} (i ∈ N) with δi → 0. Suppose
that a sequence of n-dimensional closed Riemannian manifolds {(Mi, gi)} (i ∈ N)
with Rici ≥ −Kgi and diam(Mi) ≤ D converges to a geodesic space (X, d) in the
Gromov-Hausdorff topology, and there exists a non-zero function fi ∈ C∞(Mi) with
‖(∇gi)2fi+ figi‖2 ≤ δi‖fi‖2 for each i. Then, there exist finite points x0, . . . , xN ∈
X (N ≤ N3) such that the following properties holds.
(i) For each i, j = 0, . . . , N , there exists an integer kij ∈ Z≥0 with d(xi, xj) =
πkij . Moreover, kij is even if and only if (−1)k0i = (−1)k0j holds.
(ii) For each i, j = 0, . . . , N with d(xi, xj) = π, we define
Bij :={x ∈ X : d(xi, x) + d(x, xj) = d(xi, xj)}
B˜ij :=Bij \ {xi, xj}.
Then, X =
⋃
ij Bij holds, and B˜ij ∩Bkl = ∅ if {k, l} 6= {i, j}.
(iii) Suppose that i, j, k = 0, . . . , N satisfy j 6= k, d(xi, xj) = π and d(xi, xk) =
π. Then, for any x ∈ Bij and y ∈ Bik, we have d(x, y) = d(x, xi)+d(xi, y).
(iv) For each i, j = 0, . . . , N with d(xi, xj) = π, there exists a metric space Zij
such that Bij is isometric to the spherical suspension S
0 ∗ Zij.
More detailed consideration enable us to exclude the case N ≥ 2.
Corollary A.14. Take an integer n ≥ 2, positive real numbers K > 0 and D >
0 and a sequence of positive real numbers {δi} (i ∈ N) with δi → 0. Suppose
that a sequence of n-dimensional closed Riemannian manifolds {(Mi, gi)} (i ∈ N)
with Rici ≥ −Kgi and diam(Mi) ≤ D converges to a geodesic space (X, d) in the
Gromov-Hausdorff topology, and there exists a non-zero function fi ∈ C∞(Mi) with
‖(∇gi)2fi + figi‖2 ≤ δi‖fi‖2 for each i. Then, we always have N = 1 in Corollary
A.13, and there exists a compact metric space Z such that X = S0 ∗ Z.
Proof. If N = 1 holds in Corollary A.13, we get the corollary.
In the following, we suppose that N ≥ 2 holds in Corollary A.13 and show a
contradiction.
Claim A.15. Take arbitrary i = 0, . . . , N . Take j1, . . . , jl = 0, . . . , N such that
ja 6= jb (if a 6= b) and
{xj1 , . . . , xjl} = {xk : d(xi, xk) = π}.
If l ≥ 2, then we have l = 2 and CardZij1 = CardZij2 = 1.
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Proof of Claim A.15. The tangent cone Xxi at xi is isometric to
(C(Zij1 )
∐
· · ·
∐
C(Zijl))/ ∼,
where C(Zij1), . . . , C(Zijl ) denote the metric cones, and ∼ identify the vertexes.
Let 0∗ denotes the vertex. The metric d on (C(Zij1 )
∐ · · ·∐C(Zijl))/ ∼ satisfies
d(c1, c2) = d(0
∗, c1) + d(0∗, c2) for all c1 ∈ C(Zija ) and c2 ∈ C(Zijb) (a 6= b).
Suppose that we have either l ≥ 3 or CardZija ≥ 2 for some a. Then, there exist
a ∈ {1, . . . , l} and points x1 ∈ Zij1 , x2 ∈ Zij2 , x3 ∈ Zija such that x3 /∈ {x1, x2}. If
necessary, we can exchange j1 and j2 and assume a 6= 1. Consider a line γ : R→ Xxi
defined by
γ(t) =

[−t, x1] ∈ C(Zij1 ) (t < 0),
[t, x2] ∈ C(Zij2 ) (t > 0),
0∗ (t = 0).
By the splitting theorem [6, Theorem 9.27], Xxi splits into R×Z for some geodesic
space Z, and there exists a point y0 ∈ Z such that γ(t) corresponds to (t, y0) for
each t ∈ R. In particular, under this isometry, we have
[1, x1] ∈ C(Zij1) 7→ (−1, y0),
[1, x2] ∈ C(Zij2) 7→ (1, y0),
0∗ 7→ (0, y0).
Take (s, y) ∈ R× Z corresponding to [1, x3]. Then, we have
1 =d(0∗, [1, x3])2 = s2 + d(y, y0)2,
4 =d([1, x1], [1, x3])
2 = (s+ 1)2 + d(y, y0)
2.
Thus, we get s = 1 and d(y, y0) = 0. This contradicts to x2 6= x3. Therefore, we
get l = 2 and CardZij1 = CardZij2=1. 
By the connectedness, there exists i such that Card{xk : d(xi, xk) = π} = 2, and
we can connect xi to xj for any j, i.e., there exists xj0 , . . . , xjl such that j0 = i,
jl = j and d(xja , xja+1) = π for all a = 0, . . . , l − 1. Therefore, we get X = [0, Nπ]
or X = S1((N + 1)/2) (c.f. [10, Theorem 1.1] and [28, Theorem 1.1]). Moreover,
if X = S1((N + 1)/2), then N is odd by the following argument. Suppose that
N is even. Then, (N + 1)/2 is not a integer, and there exists x, xi, xj ∈ X with
d(xi, xj) = π, d(x0, x) = (N + 1)π/2 and x ∈ Bij . We get d(x0, xi) = d(x0, xj) =
Nπ/2, and this contradicts to Corollary A.13 (i). Thus, we have that N is odd.
For each i ∈ N, take pi ∈Mi of Proposition 2.15 for fi. By taking a subsequence,
we can assume that there exists a point p ∈ X such that pi GH→ p, and X has a limit
measure ν. By [28, Theorem 1.1] (see also [28, Definition 2.1]), the limit measure
ν on X is of the form
ν = φdH1,
where H1 denotes the 1-dimensional Hausdorff measure and φ : X → R≥0 ∪ {∞}
satisfies
φ
1
n (γx,y(t)) ≥ 1
sinh
(
d(x, y)
√
K
n
)( sinh(d(γx,y(t), y)√K
n
)
φ
1
n (x)
+ sinh
(
d(x, γx,y(t))
√
K
n
)
φ
1
n (y)
)(93)
for all x, y ∈ X and 0 ≤ t ≤ d(x, y). In particular, φ is a locally Lipschitz function
on (0, Nπ) if X = [0, Nπ], and φ is a Lipschitz function if X = S1(m). Set f˜i :=
T(n,δ)(fi) ∈ C∞(Mi) and normalize it so that ‖f˜i‖22 = 1n+1 . Taking a subsequence,
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we can assume that there exists f ∈ D(X, ν) such that f˜i converges to f strongly in
L2, and ∆f˜i converges to ∆f weakly in L
2 by Theorem 1.3 and Theorem 4.9 of [25].
Moreover, cos di(pi, ·) converges to cos d(p, ·) strongly in L2 because we can easily
verify the property of [25, Definition 3.7](see also [25, Proposition 3.32]). Thus, we
get
‖f − cos d(p, ·)‖2 ≤ lim inf
i→∞
‖f˜i − cos d(pi, ·)‖2 = 0,
and so f = cos d(p, ·). Since ∆f˜i − nf˜i converges to ∆f − nf weakly in L2, we get
‖∆f − nf‖2 ≤ lim inf
i→∞
‖∆f˜i − nf˜i‖2 = 0,
and so ∆f = nf .
IfX = [0, Nπ], we parameterize (0, Nπ) ⊂ [0, Nπ] by the identity map (0, Nπ)→
(0, Nπ), θ 7→ θ. Since 0 ∈ [0, Nπ] corresponds to some xi of Corollary A.13, we have
f(θ) = ± sin θ under the parameterization. Considering −f , if necessary, we can
assume that f(θ) = sin θ. If X = S1(m) and p = m exp(
√−1θ0), we parameterize
S1(m) \ {p} ⊂ S1(m) by the map
(0, 2mπ)→ S1(m) \ {p}, θ 7→ m exp(√−1(θ0 + θ/m)).
For both cases, we have f(θ) = sin θ under our parameterization.
Take arbitrary ψ ∈ C∞0 ((0, Nπ)) if X = [0, Nπ] and ψ ∈ C∞0 (S1(m) \ {p})
if X = S1(m), where C∞0 denotes the space of smooth functions with compact
support. Then, we have∫
X
〈df, dψ〉 dν =−
∫
sin θψ′(θ)φ(θ) dθ
=−
∫
(sin θψ(θ)φ(θ))′ dθ +
∫
(sin θφ(θ))′ψ(θ) dθ
=
∫
(cos θφ(θ) + sin θφ′(θ))ψ(θ) dθ
By the definition of the Laplacian ∆, we have∫
X
〈df, dψ〉 dν =
∫
X
∆fψ dν =
∫
n cos θφ(θ)ψ(θ) dθ.
Thus, we get
sin θφ′(θ) = (n− 1) cos θφ(θ)
for almost all θ. This gives
sin θ
(
φ(θ) − φ
(π
2
)
sinn−1 θ
)′
= (n− 1) cos θ
(
φ(θ) − φ
(π
2
)
sinn−1 θ
)
for almost all θ ∈ (0, π). Since sin θ > 0 for any θ ∈ (0, π), we get φ(θ) =
φ
(
π
2
)
sinn−1 θ on (0, π). Similarly, we have φ(θ) = φ
(
3π
2
)
sinn−1(θ − π) on (π, 2π).
By the Lipschitz continuity of φ, we get φ(π) = 0. Putting x = π/2, y = 3π/2 and
t = π into (93), we get
φ(π) ≥ 1
sinh
(
π
√
K
n
)( sinh(π
2
√
K
n
)
φ
1
n
(π
2
)
+ sinh
(
π
2
√
K
n
)
φ
1
n
(
3π
2
))
> 0.
This is a contradiction. Thus, we get N = 1. 
By Corollary A.14, we always have N = 1 in Proposition 2.19 if we take δ small
enough.
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Proposition A.16. Given an integer n ≥ 2 and positive real numbers K > 0 and
D > 0, there exists a positive constant η(n,K,D) > 0 such that the following prop-
erty hold. Take a positive real number 0 < δ ≤ η. Let (M, g) be an n-dimensional
closed Riemannian manifold with Ric ≥ −Kg and diam(M) ≤ D. Suppose that a
non-zero function f ∈ C∞(M) satisfies ‖∇2f + fg‖2 ≤ δ‖f‖2. Take a point p ∈M
of Proposition 2.15. Then, there exists a point q ∈M such that |d(p, q)−π| ≤ δ 1200n2
and d(p, x) + d(x, q) ≤ d(p, q) + δ 1250n2 holds for all x ∈M .
To prove Theorem A.1, let us turn to the consideration of the δ-pinching condi-
tion for a subspace V ⊂ C∞(M). For the standard sphere Sn ⊂ Rn+1, the height
functions are the first eigenfunction, and if f1 and f2 are height functions that
are orthogonal to each other in L2 sense, then the distance between the maximum
points of these functions is equal to π/2. The following lemma asserts that such a
property almost holds under our δ-pinching condition.
Lemma A.17. Given an integer n ≥ 2 and positive real numbersK > 0 and D > 0,
there exists a positive constant η(n,K,D) > 0 such that the following properties
hold. Take a positive real number 0 < δ ≤ η. Let (M, g) be an n-dimensional
closed Riemannian manifold with Ric ≥ −Kg and diam(M) ≤ D. Suppose that
a 2-dimensional subspace V ⊂ C∞(M) satisfies the δ-pinching condition. Take
f1, f2 ∈ T(n,δ)(V ) such that
‖f1‖22 = ‖f2‖22 =
1
n+ 1
,
∫
M
f1f2 dµg = 0.
For each fi (i = 1, 2), we use the notation pi, qi of Proposition A.16. Then, we
have ∣∣∣d(p1, p2)− π
2
∣∣∣ ≤ Cδ 196n , ∣∣∣d(p1, q2)− π
2
∣∣∣ ≤ Cδ 1250n2 .
Proof. Set f0 := f1 + f2 and use the notation p0 of Proposition 2.15 for f0. Note
that ‖f0‖22 = 2n+1 .
By Proposition 2.15, we have
|f0(x)−
√
2 cos d(p0, x)| ≤Cδ 148n ,
|f1(x) − cos d(p1, x)| ≤Cδ 148n ,
|f2(x) − cos d(p2, x)| ≤Cδ 148n
(94)
for all x ∈M . Combining (94) with f0 = f1 + f2, we get
(95)
∣∣∣√2 cos d(p0, x)− cos d(p1, x)− cos d(p2, x)∣∣∣ ≤ Cδ 148n
for all x ∈M . Putting x = p0, p1, p2 into (95), we get∣∣∣√2− cos d(p0, p1)− cos d(p0, p2)∣∣∣ ≤Cδ 148n ,∣∣∣√2 cos d(p0, p1)− 1− cos d(p1, p2)∣∣∣ ≤Cδ 148n ,∣∣∣√2 cos d(p0, p2)− 1− cos d(p1, p2)∣∣∣ ≤Cδ 148n .
Thus, we get
|cos d(p1, p2)| ≤Cδ 148n .
Since we have d(p1, p2) ≤ π + 2δ
1
250n2 by Proposition 2.32, we get∣∣∣d(p1, p2)− π
2
∣∣∣ ≤ Cδ 196n .
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by Lemma 2.18. Thus, we get∣∣∣d(p1, q2)− π
2
∣∣∣ ≤ Cδ 1250n2
by Proposition A.16. 
Now, we are in position to prove Theorem A.1.
Proof of Theorem A.1. Let {(Mi, gi)}i∈N be a sequence of n-dimensional closed Rie-
mannian manifolds such that Ricgi ≥ −Kgi, diam(Mi) ≤ D, limi→∞ λk(∆¯E ,Mi) =
0, and {(Mi, gi)}i∈N converges to a geodesic space X .
By Corollary A.14 and Lemma A.17, we have diam(X) = π, and there exist
pairs of points (p1, q1), . . . , (pk, qk) such that the following properties hold:
(i) d(pi, qi) = π for all i.
(ii) d(pi, pj) = d(pi, qj) =
π
2 if i 6= j.
(iii) Define Zi := {x ∈ X : d(x, pi) = d(x, qi)}. For all i, we define φi : X → Zi
as follows. If x ∈ X satisfies d(x, pi) ≤ d(x, qi), we define φi(x) to be
φi(x) ∈ Im γx,qi ∩ Zi. If d(x, pi) > d(x, qi), we define φi(x) to be φi(x) ∈
Im γx,pi ∩ Zi. Then, we have
(96) cos d(x, y) = cos d(pi, x) cos d(pi, y)+sind(pi, x) sin d(pi, y) cos d(φi(x), φi(y))
for all x, y ∈ X .
Note that for all i, we have an isometry X ∼= S0∗Zi such that pi 7→ 0∗ and qi 7→ π∗.
Under this identification, we have φi([t, z]) = [π/2, z] for all [t, z] ∈ S0 ∗ Zi with
0 < t < π.
Claim A.18. Take arbitrary i and x, y ∈ Zi with d(x, y) < π. Then, we have
γx,y(s) ∈ Zi for all s ∈ [0, d(x, y)].
Proof of Claim A.18. We have
cos d(x, γx,y(s)) = sin d(pi, γx,y(s)) cos d(x, φi(γx,y(s))),
cos d(y, γx,y(s)) = sin d(pi, γx,y(s)) cos d(y, φi(γx,y(s))).
We first show that γx,y(t) ∈ Zi for all t ∈ [0, d(x, y)] with d(x, γx,y(t)) < π2
and d(y, γx,y(t)) <
π
2 . Take arbitrary t ∈ [0, d(x, y)] with d(x, γx,y(t)) < π2 and
d(y, γx,y(t)) <
π
2 . Suppose that γx,y(t) /∈ Zi. Then, we have
0 < cos d(x, γx,y(t)) < cos d(x, φi(γx,y(t))),
0 < cos d(y, γx,y(t)) < cos d(y, φi(γx,y(t))),
and so
d(x, γx,y(t)) >d(x, φi(γx,y(t))),
d(y, γx,y(t)) >d(y, φi(γx,y(t))).
Thus, we get d(x, y) = d(x, γx,y(t))+d(y, γx,y(t)) > d(x, φi(γx,y(t)))+d(y, φi(γx,y(t))).
This is a contradiction. Therefore, we get γx,y(t) ∈ Zi.
We next show that γx,y(t) ∈ Zi for the general case. Put t0 := 12d(x, y). Then
d(x, γx,y(t0)) <
π
2 and d(y, γx,y(t0)) <
π
2 . Thus, we get γx,y(t0) ∈ Zi. For all
t ∈ [0, t0], we have d(x, γx,y(t)) < π2 and d(γx,y(t0), γx,y(t)) < π2 , and so we get
γx,y(t) ∈ Zi. Similarly, we get γx,y(t) ∈ Zi for all t ∈ [t0, d(x, y)]. 
We have shown that X = S0 ∗ Z1. To carry out the iteration process, we
investigate the structure of Z1 ∩ · · · ∩ Zi−1.
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Claim A.19. Suppose that k ≥ 2, 2 ≤ i ≤ k and
Z1 ∩ · · · ∩ Zi−1 \ {pi, qi} 6= ∅.
Then, we have Z1 ∩ · · · ∩ Zi 6= ∅ and
Z1 ∩ · · · ∩ Zi−1 = S0 ∗ (Z1 ∩ · · · ∩ Zi).
Proof of Claim A.19. For all x ∈ Z1 ∩· · ·∩Zi−1 \ {pi, qi}, we have d(x, pi) < π and
d(x, qi) < π, and so we get φi(x) ∈ Z1 ∩ · · · ∩ Zi by Claim A.18. Thus, we have
Z1∩· · · ∩Zi 6= ∅. Since we have (96) for all x, y ∈ Z1∩· · · ∩Zi−1 \ {pi, qi}, the map
Z1 ∩ · · · ∩ Zi−1 → S0 ∗ (Z1 ∩ · · · ∩ Zi), x 7→ [d(pi, x), φi(x)]
gives the isomorphism. Note that the surjectivity of this map also follows from
Claim A.18. 
For all 2 ≤ i < k, we have pk ∈ Z1 ∩ · · · ∩Zi−1 \ {pi, qi}, and so Z1 ∩ · · · ∩Zi−1 \
{pi, qi} 6= ∅. Since Z1 ∩ · · · ∩ Zk ⊂ Z1 ∩ · · · ∩ Zk−1 \ {pk, qk}, we get
Z1 ∩ · · · ∩ Zk = ∅ ⇐⇒ Z1 ∩ · · · ∩ Zk−1 \ {pk, qk} = ∅
⇐⇒ Z1 ∩ · · · ∩ Zk−1 = {pk, qk}
by Claim A.19. Therefore, we get the following inductively by Claim A.19:
X =
{
Sk−1 (Z1 ∩ · · · ∩ Zk = ∅),
Sk−1 ∗ (Z1 ∩ · · · ∩ Zk) (Z1 ∩ · · · ∩ Zk 6= ∅).
Finally, we investigate the structure of Z1 ∩ · · · ∩ Zk when Z1 ∩ · · · ∩ Zk 6= ∅.
Claim A.20. Suppose that Z1 ∩ · · · ∩ Zk 6= ∅. Then, the tangent cone Xpk of X
at pk is isometric to R
k−1 × C(Z1 ∩ · · · ∩ Zk). Moreover, if Z1 ∩ · · · ∩ Zk is not
connected, then we have Card(Z1 ∩ · · · ∩ Zk) = 2.
Proof of Claim A.20. For each i = 1, . . . , k, we define a map ψi : X → Z1 ∩ · · · ∩Zi
by ψi := φi ◦ · · · ◦ φ1. Define ψ0 := IdX : X → X . For each r > 0, we define
Ψr : X → Rk × C(Z1 ∩ · · · ∩ Zk) by
Ψr(x)
:=
(
1
r
(
d(p1, ψ0(x)) − π
2
)
, . . . ,
1
r
(
d(pk−1, ψk−2(x)) − π
2
)
,
[
1
r
d(pk, ψk−1(x)), ψk(x)
])
.
Note that we have Ψr(pk) = (0, . . . , 0, 0
∗). In the following, we show that (X, pk, r−1d)
converges to (Rk×C(Z1∩· · ·∩Zk), (0, . . . , 0, 0∗)) in the pointed Gromov-Hausdorff
sense through the map Ψr.
Fix R > 0. Let us show that
Ψr :
(
BrR(pk), r
−1d
)→ BR+r ((0, . . . , 0, 0∗)) ⊂ Rk × C(Z1 ∩ · · · ∩ Zk)
is a Hausdorff approximation map for sufficiently small r > 0. Here, BrR(pk)
denotes the open metric ball for the original metric on (X, d). Note that if this
was proved, we can easily modify the map Ψr to a Hausdorff approximation map(
BrR(pk), r
−1d
)→ BR ((0, . . . , 0, 0∗)).
For all x, y ∈ BrR(pk), we have
d(φ1(x), φ1(y)) ≤ d(x, φ1(x)) + d(x, y) + d(y, φ1(y)) ≤ 4rR.
Since ψi(pk) = pk for i = 0, . . . , k − 1, we have
d(ψi(x), ψi(y)) ≤ C(R, k)r
for all x, y ∈ BrR(pk) and i = 0, . . . , k− 1 inductively. In particular, ψi(x), ψi(y) ∈
BC(R,k)r(pk). For all a > 0, we use the following notation:
f = O(ra) :⇐⇒ |f | ≤ C(R, k)ra.
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For all 1 ≤ i ≤ k − 1 and x, y ∈ BrR(pk), we have
cos d(ψi−1(x), ψi−1(y))
= cos d(pi, ψi−1(x)) cos d(pi, ψi−1(y))
+ sind(pi, ψi−1(x)) sin d(pi, ψi−1(y)) cos d(ψi(x), ψi(x))
=
(π
2
− d(pi, ψi−1(x)) +O(r3)
)(π
2
− d(pi, ψi−1(y)) +O(r3)
)
+
(
1− 1
2
(
d(pi, ψi−1(x)) − π
2
)2
+O(r4)
)
×(
1− 1
2
(
d(pi, ψi−1(y))− π
2
)2
+O(r4)
)(
1− 1
2
d(ψi(x), ψi(y))
2 +O(r4)
)
=1− 1
2
(
d(pi, ψi−1(x)) − d(pi, ψi−1(y))
)2 − 1
2
d(ψi(x), ψi(y))
2 +O(r4)
(97)
by (96), π2 − d(pi, ψi−1(x)) = O(r) and π2 − d(pi, ψi−1(y)) = O(r). By (97) and
cos d(ψi−1(x), ψi−1(y)) = 1− 1
2
d(ψi−1(x), ψi−1(y))2 +O(r4),
we get
d(ψi−1(x), ψi−1(y))2 =
(
d(pi, ψi−1(x))−d(pi, ψi−1(y))
)2
+d(ψi(x), ψi(y))
2+O(r4).
By induction, we get
d(x, y)2 =
k−1∑
i=1
(
d(pi,ψi−1(x)) − d(pi, ψi−1(y))
)2
+ d(ψk−1(x), ψk−1(y))2 +O(r4).
(98)
We have
cos d(ψk−1(x), ψk−1(y))
= cos d(pk, ψk−1(x)) cos d(pk, ψk−1(y))
+ sin d(pk, ψk−1(x)) sin d(pk, ψk−1(y)) cos d(ψk(x), ψk(y))
=
(
1− 1
2
d(pk, ψk−1(x))2 +O(r4)
)(
1− 1
2
d(pk, ψk−1(y))2 +O(r4)
)
+
(
d(pk, ψk−1(x)) +O(r3)
) (
d(pk, ψk−1(y)) +O(r3)
)
cos d(ψk(x), ψk(y))
=1− 1
2
d(pk, ψk−1(x))2 − 1
2
d(pk, ψk−1(y))2
+ d(pk, ψk−1(x))d(pk , ψk−1(y)) cos d(ψk(x), ψk(y)) +O(r4).
(99)
By (99) and
cos d(ψk−1(x), ψk−1(y)) = 1− 1
2
d(ψk−1(x), ψk−1(y))2 +O(r4),
we get
d(ψk−1(x), ψk−1(y))2
=d(pk, ψk−1(x))2 + d(pk, ψk−1(y))2
− 2d(pk, ψk−1(x))d(pk, ψk−1(y)) cos d(ψk(x), ψk(y)) +O(r4).
(100)
By (98) and (100), we get
(101)
(
1
r
d(x, y)
)2
= d(Ψr(x),Ψr(y))
2 +O(r2).
In particular, we have Ψr(x),Ψr(y) ∈ BR+r ((0, . . . , 0, 0∗)) ⊂ Rk×C(Z1 ∩ · · · ∩Zk)
for sufficient small r > 0.
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For all (t1, . . . , tk−1, [tk, z]) ∈ Rk−1 × C(Z1 ∩ · · · ∩ Zk), we have
Ψr
([
rt1 +
π
2
, . . . , rtk−1 +
π
2
, rtk, z
])
= (t1, . . . , tk−1, [tk, z]).
If
(t1, . . . , tk−1, [tk, z]) ∈ BR−r ((0, . . . , 0, 0∗)) ⊂ Rk−1 × C(Z1 ∩ · · · ∩ Zk),
then
[
rt1 +
π
2 , . . . , rtk−1 +
π
2 , rtk, z
] ∈ BC(R,k)r(pk), and so[
rt1 +
π
2
, . . . , rtk−1 +
π
2
, rtk, z
]
∈ BrR(pk)
by (101) if r > 0 is small enough. This shows that the map Ψr :
(
BrR(pk), r
−1d
)→
BR+r ((0, . . . , 0, 0
∗)) is 2r-dense. Combining this and (101), we have that Ψr is a
2r-Hausdorff approximation map, and so we get the first assertion.
We next show the second assertion. The proof is similar to Corollary A.14.
Suppose that there exist more than two different connected components of Z1 ∩
· · · ∩ Zk (let A be one of the connected components), and there exist two points
b, c ∈ Z1 ∩ · · · ∩ Zk \ A (b 6= c). Take arbitrary a ∈ A. Then, γ : (−∞,∞) →
C(Z1 ∩ · · · ∩ Zk) defined by γ(t) = [−t, a] for t ≤ 0, and γ(t) = [t, b] for t > 0,
is a line in C(Z1 ∩ · · · ∩ Zk). Thus, (0, γ) in Xpk = Rk−1 × C(Z1 ∩ · · · ∩ Zk) is a
line. By the splitting theorem [6, Theorem 9.27], there exists a geodesic space Y , a
point y0 ∈ Y and an isometry Xpk → R× Y such that (0, γ(t)) ∈ Xpk corresponds
to (t, y0) ∈ R × Y for all t ∈ R. Take a point (s, y) ∈ R × Y that corresponds
to (0, [1, c]) ∈ Xpk . Since d((0, 0∗), (0, [1, c])) = 1, we have s2 + d(y, y0)2 = 1.
Since d((0, [1, a]), (0, [1, c])) = 2, and (0, [1, a]) corresponds to (−1, y0), we have
(s+1)2+d(y, y0)
2 = 4. Thus, we get that s = 1 and d(y, y0) = 0. However, (0, [1, b])
corresponds to and (1, y0). Since we assumed that c 6= b, this is a contradiction.
Thus, we get the second assertion. 
If Card(Z1 ∩ · · · ∩Zk) = 2, then diam(Z1 ∩ · · · ∩Zk) = π by Claim A.18, and so
we get X = Sk−1 ∗ {0, π} = Sk.
If Z1 ∩ · · · ∩ Zk is connected, we define a metric dL on Z1 ∩ · · · ∩ Zk by
dL(x, y) := inf
{∑
j=1
d(xj−1, xj) : N ∈ Z>0, xj ∈ Z1 ∩ · · · ∩ Zk for all j = 0, . . . , N ,
x0 = x, xN = y and d(xj−1, xj) < π for all j = 1, . . . , N
}
.
Then, (Z1 ∩ · · · ∩ Zk, dL) is a geodesic space, and X = Sk−1 ∗ (Z1 ∩ · · · ∩ Zk, dL)
holds.
By the Gromov’s pre-compactness theorem and the above argument, we get the
theorem. 
Another proof of Main Theorem 1. Let {(Mi, gi)}i∈N be a sequence of n-dimensional
closed Riemannian manifolds such that Ricgi ≥ −Kgi, diam(Mi) ≤ D for all i and
limi→∞ λn(∆¯E ,Mi) = 0. For each i, define an orientable n-dimensional closed
Riemannian manifold (Ni, g˜i) to be the orientable Riemannian covering of (Mi, gi)
with two sheets if Mi is not orientable, and (Ni, g˜i) = (Mi, gi) if Mi is orientable.
Then, we have limi→∞ λn+1(∆¯E , Ni) = 0 by Corollary 4.9. Take a subsequence
i(j) such that (Mi(j), gi(j)), (Ni(j), g˜i(j)) converges to some geodesic spaces X,Y in
Gromov-Hausdorff topology, respectively. Since dimY ≤ n holds, we have Y = Sn
by Theorem A.1 and [23, Proposition 5.6], where dim denotes the Hausdorff di-
mension. In particular, we get {(Mi(j), gi(j))} is a non-collapsing sequence. Thus,
we get X = Sn or X = Sn−1 ∗ Z for some geodesic space Z by Theorem A.1.
By [23, Proposition 5.6], we get that CardZ = 1 if X = Sn−1 ∗ Z. However,
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Sn−1 ∗ {point} = Sn+ (n-dimensional hemisphere), and this contradict to [8, Theo-
rem 6.2]. Thus, we get X = Sn and Main Theorem 1. 
Appendix B. Continuity of the eigenvalues
In this appendix we prove the continuity of the eigenvalues of the Laplacian
defined in Definition 4.1 for a non-collapsed Gromov-Hausdorff convergent sequence
of n-dimensional closed Riemannian manifolds with a uniform 2-sided bound on the
Ricci curvature. As an application, on such a limit space, we consider the Obata
equation ∇2f + fg = 0 and generalize our main theorem.
Take an integer n ≥ 2, real numbers K1,K2 ∈ R with K1 < K2 and positive real
numbers D > 0 and v > 0. Let M = M(n,K1,K2, D, v) be the set of isometry
classes of n-dimensional closed Riemannian manifolds (M, g) with K1g ≤ Ricg ≤
K2g, diam(M) ≤ D and Vol(M) ≥ v. Let M =M(n,K1,K2, D, v) be the closure
ofM in the Gromov-Hausdorff topology. If Xi ∈M (i ∈ N) converges to X ∈ M in
the Gromov-Hausdorff topology, then there exist a sequence of positive real numbers
{ǫi}i∈N with limi→∞ ǫi = 0, and a sequence of ǫi-Hausdorff approximation maps
φi : Xi → X . Fix such a sequence. We say a sequence xi ∈ Xi converges to x ∈ X if
limi→∞ φi(xi) = x (denote it by xi
GH→ x). By the volume convergence theorem [8,
Theorem 5.9], (Xi, H
n) converges to (X,Hn) in the measured Gromov-Hausdorff
sense, i.e., for all r > 0 and all sequence xi ∈ Xi that converges to x ∈ X , we have
limi→∞Hn(Br(xi)) = Hn(Br(x)), where Hn denotes the n-dimensional Hausdorff
measure. In particular, for all X ∈M, we have v ≤ Hn(X) ≤ C(n,K1, D).
For all X ∈ M, we can consider the cotangent bundle π : T ∗X → X with a
canonical inner product by [5] and [9] (see also [25, Section 2] for a short review).
We haveHn(X \π(T ∗X)) = 0 and T ∗xX := π−1(x) is an n-dimensional vector space
for all x ∈ π(T ∗X). For all Lipschitz function f on X , we can define df(x) ∈ T ∗xX
for almost all x ∈ X , and we have df ∈ L∞(T ∗X). Let TX be the dual bundle of
T ∗X . Let 〈·, ·〉 denotes the inner product on T ∗X , TX and tensor bundles. We
also denote the inner product on TX by g = gX ∈ L∞(T ∗X ⊗ T ∗X). We consider
the vector bundle E(X) := T ∗X ⊕Re on X with the product metric 〈·, ·〉 = 〈·, ·〉E .
We have an identification L2(E(X)) = L2(T ∗X)⊕ L2(X) by considering the map
ω + fe 7→ (ω, f).
Honda [25] (see also page 1595–1596 of [26]) defined the concepts of Lp weakly
convergence and Lp strong convergence for functions and tensors fields (p ∈ (1,∞)).
Most of important properties are summarized in page 1596–1598 of [26]. Similarly,
we give the following definition.
Definition B.1. Let {Xi}i∈N be a sequence inM and let X ∈ M be the Gromov-
Hausdorff limit. Take a sequence Ti ∈ L2(E(Xi)) and T ∈ L2(E(X)).
(i) We say that Ti converges to T weakly in L
2 if
sup
i∈N
‖Ti‖2 <∞,
and for all r > 0, yi, zi ∈ Xi and y, z ∈ X with yi GH→ y and zi GH→ z, we
have
lim
i→∞
∫
Br(yi)
〈Ti, drzi〉E dHn =
∫
Br(y)
〈T, drz〉E dHn,
lim
i→∞
∫
Br(yi)
〈Ti, e〉E dHn =
∫
Br(y)
〈T, e〉E dHn,
where rz(x) := d(z, x) for all x ∈ X .
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(ii) We say that Ti converges to T strongly in L
2 if Ti converges to T weakly
in L2, and
lim sup
i→∞
‖Ti‖2 ≤ ‖T ‖2
holds.
We have that Ti = ωi + fie ∈ L2(E(Xi)) converges to T = ω + fe ∈ L2(E(X))
weakly in L2 if and only if ωi, fi converges to ω, f weakly in L
2, respectively.
Similarly, Ti ∈ L2(E(Xi)) converges to T ∈ L2(E(X)) strongly in L2 if and only if
ωi, fi converges to ω, f strongly in L
2, respectively. One of the important property
for the weakly convergent sequence is the lower semi-continuity of the norm:
lim inf
i→∞
‖Ti‖2 ≥ ‖T ‖2
holds if Ti ∈ L2(Xi) converges to T ∈ L2(X) weakly in L2 (see [25, Proposition
3.64]). Thus, Ti converges to T strongly in L
2 if and only if Ti converges to T weakly
in L2 and limi→∞ ‖Ti‖2 = ‖T ‖2 holds. For the linearity of the strong convergence,
see [25, Corollary 3.59].
We next consider the space L2(T ∗X ⊕ E(X)). We also have an identification
L2(T ∗X⊕E(X)) = L2(T ∗X⊗T ∗X)⊕L2(TX), and define the concepts of conver-
gence for L2(T ∗X ⊕ E(X)).
Definition B.2. Let {Xi}i∈N be a sequence inM and let X ∈ M be the Gromov-
Hausdorff limit. Take a sequence Ti ∈ L2(T ∗Xi⊕E(Xi)) and T ∈ L2(T ∗X⊕E(X)).
(i) We say that Ti converges to T weakly in L
2 if
sup
i∈N
‖Ti‖2 <∞,
and for all r > 0, yi, z
1
i , z
2
i ∈ Xi and y, z1, z2 ∈ X with yi GH→ y, zji GH→ z
(j = 1, 2), we have
lim
i→∞
∫
Br(yi)
〈Ti, drz1i ⊗ drz2i 〉E dHn =
∫
Br(y)
〈T, drz1 ⊗ drz2 〉E dHn,
lim
i→∞
∫
Br(yi)
〈Ti, drz1
i
⊗ e〉E dHn =
∫
Br(y)
〈T, drz1 ⊗ e〉E dHn.
(ii) We say that Ti converges to T strongly in L
2 if Ti converges to T weakly
in L2 and
lim sup
i→∞
‖Ti‖2 ≤ ‖T ‖2
holds.
We have that Ti = Si+ωi⊗e ∈ L2(T ∗Xi⊗E(Xi)) converges to T = S+ω⊗e ∈
L2(T ∗X⊗E(X)) weakly in L2 if and only if Si, ωi converges to S, ω weakly in L2,
respectively. Similarly, Ti ∈ L2(T ∗Xi ⊗E(Xi)) converges to T ∈ L2(T ∗X ⊗E(X))
strongly in L2 if and only if Si, ωi converges to S, ω strongly in L
2, respectively.
We list the definitions of important functional spaces and the eigenvalues of
Laplacian on limit spaces. Some of them are first introduced by Gigli [19].
Definition B.3. Let X ∈M.
(i) Let LIP(X) be the set of the Lipschitz functions on X . For all f ∈ LIP(X),
we define ‖f‖2H1,2 = ‖f‖22+‖df‖22. LetH1,2(X) be the completion of LIP(X)
with respect to this norm.
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(ii) Define
D2(∆, X) :=
{
f ∈ H1,2(X) : there exists F ∈ L2(X) such that∫
X
〈df, dh〉 dHn =
∫
X
Fh dHn for all h ∈ H1,2(X)
}
.
For any f ∈ D2(∆, X), the function F ∈ L2(X) is uniquely determined.
Thus, we define ∆f := F .
(iii) Define
TestF (X) :=
{
f ∈ D2(∆, X) ∩ LIP(X) : ∆f ∈ H1,2(X)} ,
TestT ∗X :=
{
N∑
i=1
fidhi : N ∈ N, fi, hi ∈ TestF (X)
}
,
TestE(X) :=
{
N∑
i=1
ψidφi + fe : N ∈ N, ψi, φi, f ∈ TestF (X)
}
.
We have an identification TestE(X) = TestT ∗X ⊕ TestF (X).
(vi) The operator
∇ : TestT ∗X → L2(T ∗X ⊗ T ∗X)
is defined by ∇∑Ni=1 fidhi := ∑Ni=1 (dfi ⊗ dhi + fi∇2hi), where ∇2 de-
notes the Hessian Hessg defined in [24]. Note that ∇ω ∈ L2(T ∗X ⊗ T ∗X)
for all ω ∈ TestT ∗X by [27, Theorem 4.11]. We define
∇E : TestE(X)→ L2(T ∗X ⊗ E(X))
by ∇E(ω + fe) := ∇ω + fg + (df − ω)⊗ e.
(v) We define the norms
‖ω‖2
H1,2
C
:= ‖ω‖22 + ‖∇ω‖22 (ω ∈ TestT ∗X),
‖T ‖2
H1,2
E
:= ‖T ‖22 + ‖∇ET ‖22 (T ∈ TestE(X)).
LetH1,2C (T
∗X) andH1,2E (E(X)) be the completion of TestT
∗X and TestE(X)
with respect to the norms ‖ · ‖H1,2
C
and ‖ · ‖H1,2
E
.
(vi) Define
D2(∆C,1, X) :=
{
ω ∈H1,2C (T ∗X) : there exists ωˆ ∈ L2(T ∗X) such that∫
X
〈∇ω,∇η〉 dHn =
∫
X
〈ωˆ, η〉 dHn for all η ∈ H1,2C (T ∗X)
}
.
For any ω ∈ D2(∆C,1, X), the form ωˆ ∈ L2(T ∗X) is uniquely determined.
Thus, we put ∆C,1ω := ωˆ.
(vii) Define
D2(∆¯E , X) :=
{
T ∈H1,2E (E(X)) : there exists Tˆ ∈ L2(E(X)) such that∫
X
〈∇ET,∇ES〉 dHn =
∫
X
〈Tˆ , S〉 dHn for all S ∈ H1,2E (E(X))
}
.
For any T ∈ D2(∆¯E , X), the section Tˆ ∈ L2(E(X)) is uniquely determined.
Thus, we define ∆¯ET := Tˆ .
(viii) For all k ∈ Z>0, we define
λk(∆¯
E) := inf
{
sup
T∈Ek\{0}
‖∇ET ‖22
‖T ‖22
: Ek ⊂ H1,2E (E(X)) is a k-dimensional subspace
}
.
70 MASAYUKI AINO
We give some easy lemmas about Definition B.3.
We first investigate the relationship betweenH1,2C (T
∗X),H1,2(X) andH1,2(E(X)).
Lemma B.4. Let X ∈ M. For all T = ω + fe ∈ TestE(X), we have
1
2(n+ 1)
(‖ω‖2
H1,2
C
+ ‖f‖2H1,2) ≤ ‖T ‖2H1,2
E
≤ 2(n+ 1)(‖ω‖2
H1,2
C
+ ‖f‖2H1,2),
and so we have an identification H1,2E (E(X)) = H
1,2
C (T
∗X)⊕H1,2(X).
Proof. Take arbitrary T = ω + fe ∈ TestE(X). We have
‖T ‖H1,2
E
=‖T ‖22 + ‖∇ET ‖22
≤‖ω‖22 + ‖f‖22 + (‖∇ω‖2 +
√
n‖f‖2)2 + (‖df‖2 + ‖ω‖2)2
≤2(n+ 1)(‖ω‖2
H1,2
C
+ ‖f‖2H1,2).
On the other hand, we have
(n+ 1)‖T ‖H1,2
E
≥‖ω‖22 + ‖f‖22 + (
√
n‖f‖2)2 + (‖∇ω‖2 −
√
n‖f‖2)2 + ‖ω‖22 + (‖df‖2 − ‖ω‖2)2
≥‖ω‖22 + ‖f‖22 +
1
2
‖∇ω‖22 +
1
2
‖df‖22
≥1
2
(‖ω‖2
H1,2
C
+ ‖f‖2H1,2).
Thus, we get the lemma. 
We next investigate the relationship betweenD2(∆C,1, X),D2(∆, X) andD2(∆¯E , X).
Lemma B.5. Let X ∈ M. We have an identification
D2(∆¯E , X) = D2(∆C,1, X)⊕D2(∆, X).
Moreover, for all T = ω + fe ∈ D2(∆¯E , X), we have ∆¯ET = ∆C,1ω − 2df + ω +
(∆f − 2δω + nf)e.
Proof. For all T = ω + fe, S = η + he ∈ H1,2E (E(X)), we have∫
X
〈∇ET,∇ES〉 dHn
=
∫
X
(
〈∇ω,∇η〉 − f∇∗η − h∇∗ω + nfh+ 〈df − ω, dh− η〉
)
dHn,
(102)
where we defined ∇∗ω := − tr∇ω ∈ L2(X). Since ∇∗ω = δω holds for the smooth
case, we have ∇∗ω = δω for the general case by [25, Theorem 3.74] and the smooth
approximation theorem [26, Theorem 3.5], where δω ∈ L2(X) is characterized by
satisfying ∫
X
fδω dHn =
∫
X
〈ω, df〉 dHn,
for all f ∈ TestF (X).
We first prove D2(∆C,1, X)⊕D2(∆, X) ⊂ D2(∆¯E , X) and the second assertion.
Take arbitrary T = ω + fe ∈ D2(∆C,1, X) ⊕ D2(∆, X). For all S = η + he ∈
H1,2E (E(X)), by (102) we have∫
X
〈∇ET,∇ES〉 dHn
=
∫
X
(
〈∆C,1ω, η〉 − 〈df, η〉 − hδω + nfh+ 〈∆f − δω, h〉 − 〈df − ω, η〉
)
dHn
=
∫
X
〈∆C,1ω − 2df + ω + (∆f − 2δω + nf)e, S〉 dHn.
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Thus, we get T ∈ D2(∆, X) and ∆¯ET = ∆C,1ω − 2df + ω + (∆f − 2δω + nf)e.
We next prove D2(∆¯E , X) ⊂ D2(∆C,1, X) ⊕ D2(∆, X). Take arbitrary T =
ω+ fe ∈ D2(∆¯E , X). Take ωˆ ∈ L2(T ∗X) and fˆ ∈ L2(X) with ∆¯ET = ωˆ+ fˆe. For
all η ∈ H1,2C (T ∗X), by (102) we have∫
X
〈ωˆ, η〉 dHn =
∫
X
〈∇ET,∇Eη〉 dHn
=
∫
X
(
〈∇ω,∇η〉 − 〈df, η〉+ 〈df − ω,−η〉
)
dHn,
and so ∫
X
〈∇ω,∇η〉 dHn =
∫
X
〈ωˆ + 2df − ω, η〉 dHn.
Thus, we have ω ∈ D2(∆C,1, X). Similarly, we have f ∈ D2(∆, X). 
We mention the convergence of the image of the connection ∇E .
Lemma B.6. Let {Xi}i∈N be a sequence in M and let X ∈ M be the Gromov-
Hausdorff limit. Suppose that a sequence Ti = ωi + fie ∈ H1,2E (E(Xi)) converges
to T = ω + fe ∈ H1,2(E(X)) strongly in L2. Then, we have that ∇ETi converges
to ∇ET weakly in L2 if and only if ∇ωi, dfi converges to ∇ω, df weakly in L2,
respectively. We also have that ∇ETi converges to ∇ET strongly in L2 if and only
if ∇ωi, dfi converges to ∇ω, df strongly in L2, respectively.
Proof. Since ∇ETi = ∇ωi + figXi + (dfi − ωi)⊗ e and figXi , ωi converges to fg, ω
strongly in L2, respectively by Proposition 3.44 and Proposition 3.70 in [25], we
get the lemma. 
We show basic properties about the eigenvalues of ∆¯E on limit spaces.
Theorem B.7. Let X ∈ M.
(i) We have
0 ≤ λ1(∆¯E) ≤ λ2(∆¯E) ≤ · · · → ∞.
(ii) There exists a complete orthonormal system of eigensection {Tk} in L2(E(X)),
i.e., for all k ∈ Z>0, we have Tk ∈ D2(∆¯E , X) and
∆¯ETk = λk(∆¯
E)Tk.
(iii) For all λ ∈ R, we have
{T ∈ D2(∆¯E , X) : ∆¯ET = λT } =
⊕
λk(∆¯E)=λ
RTk
:= SpanR{Tk : k ∈ Z>0 with λk(∆¯E) = λ}.
Proof. Take a sequence Si ∈ H1,2(E(X)) (i ∈ N) such that ‖Si‖2 = 1 and
limi→∞ ‖∇ESi‖22 = λ1(∆¯E , X) hold. Since supi ‖∇ESi‖2 <∞, there exist a subse-
quence (denote it again by Si) and T1 ∈ H1,2(E(X)) such that Si converges to T1
strongly in L2 and ∇ESi converges to ∇ET1 weakly in L2 by the weak compact-
ness of the closed ball in Hilbert spaces and the Rellich theorem for limit spaces
[25, Theorem 4.9]. Then, we have ‖T1‖2 = 1 and ‖∇ET1‖22 ≤ lim inf ‖∇ESi‖22 =
λ1(∆¯
E , X). By the definition of λ1(∆¯
E , X), we have ‖∇ET1‖22 ≥ λ1(∆¯E , X), and
so ‖∇ET1‖22 = λ1(∆¯E , X).
For all t ∈ R and S ∈ H1,2(E(X)) with ∫
X
〈T1, S〉 dHn = 0, we have
λ1(∆¯
E , X)(1 + t2‖S‖22) =λ1(∆¯E , X)‖T1 + tS‖22
≤‖∇ET1 + t∇ES‖22
=λ1(∆¯
E , X) +
2t
Hn(X)
∫
X
〈∇ET1,∇ES〉 dHn + t2‖∇ES‖22.
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Thus, we have
∫
X〈∇ET1,∇ES〉 dHn = 0. Combining this and
∫
X〈∇ET1,∇ET1〉 dHn =
λ1(∆¯
E , X)
∫
X
〈T1, T1〉 dHn, we get
∫
X
〈∇ET1,∇ES〉 dHn = λ1(∆¯E , X)
∫
X
〈T1, S〉 dHn
for all S ∈ H1,2(E(X)). Therefore, we get T1 ∈ D2(∆¯E , X) and ∆¯ET1 = λ1(∆¯E)T1.
Suppose that we have chosen T1, . . . , Tk ∈ D2(∆¯E , X) (k ∈ Z>0) such that
1
Hn(X)
∫
X
〈Ti, Tj〉 dHn = δij and ∆¯ETi = λi(∆¯E)Ti hold. Considering
λ˜k+1 := inf
{
‖∇ES‖22 : S ∈H1,2E (E(X)) with ‖S‖2 = 1 and∫
X
〈S, Ti〉 dHn = 0 for all i = 1, . . . , k
}
,
we can take Tk+1 ∈ D2(∆¯E , X) such that ‖Tk+1‖2 = 1, ∆¯ETk+1 = λ˜k+1Tk+1 and∫
X
〈Tk+1, Ti〉 dHn = 0 for all i = 1, . . . , k.
Let us show λ˜k+1 = λk+1(∆¯
E). Define E˜i := SpanR{T1, . . . , Ti, Tk+1} for i =
1, . . . , k. If λ˜k+1 ≥ λi(∆¯E), we get
λ˜k+1 = sup
T∈E˜i\{0}
‖∇ET ‖22
‖T ‖22
≥ λi+1(∆¯E).
Since we have λ˜k+1 ≥ λ1(∆¯E), we get λ˜k+1 ≥ λk+1(∆¯E) by induction. To
prove λ˜k+1 ≤ λk+1(∆¯E), we take arbitrary (k + 1)-dimensional subspace Ek+1 ⊂
H1,2E (E(X)). Then, there exists an element S ∈ Ek+1 with ‖S‖2 = 1 and
∫
X
〈S, Ti〉 dHn =
0 for all i = 1, . . . , k. Thus, we get
sup
T∈Ek+1\{0}
‖∇ET ‖22
‖T ‖22
≥ λ˜k+1.
This shows that λ˜k+1 ≤ λk+1(∆¯E). Therefore, λ˜k+1 = λk+1(∆¯E).
By induction, we get a sequence {Tk}k∈Z>0 ⊂ D2(∆¯E , X) such that ∆¯ETk =
λk(∆¯
E)Tk and
1
Hn(X)
∫
X
〈Ti, Tj〉 dHn = δij .
We next prove that limk→∞ λk(∆¯E) =∞. Suppose that limk→∞ λk(∆¯E) = λ <
∞. Since supi ‖∇ETi‖2 ≤ λ, there exist a subsequence i(j) and T ∈ H1,2(E(X))
such that Ti(j) converges to T strongly in L
2 and ∇ETi(j) converges to ∇ET weakly
in L2. We have ‖T ‖2 = 1. For all k ∈ Z>0, we have∫
X
〈Tk, T 〉 dHn = lim
l→∞
∫
X
〈Tk, Tl〉 dHn = 0.
Thus, we get ∫
X
〈T, T 〉 dHn = lim
k→∞
∫
X
〈Tk, T 〉 dHn = 0.
This contradicts to ‖T ‖2 = 1. Therefore, we get limk→∞ λk(∆¯E) =∞ and (i).
Suppose that
⊕∞
k=1 RTk is not dense in H
1,2
E (E(X)). Then, there exists T ∈
H1,2E (E(X)) such that ‖T ‖2 = 1 and
∫
X
〈Tk, T 〉 dHn = 0 for all k ∈ Z>0. By the
definition of λ˜k, we get ‖∇ET ‖22 ≥ λ˜k = λk(∆¯E) for all k ∈ Z>0. This contradicts
to limk→∞ λk(∆¯E) = ∞. Since H1,2E (E(X)) is dense in L2(E(X)) (see [26, Claim
3.2]), we get that {Tk} is complete orthonormal system in L2(E(X)). Thus, we get
(ii).
Similarly, we have (iii). 
Let us give the L∞ estimate for the eigensections of the Laplacian ∆¯E .
Lemma B.8. Let (M, g) ∈ M. Take positive real numbers β > 0 and 0 ≤ α ≤ β.
Then, for any T ∈ Γ(E(M)) with ∆¯ET = αT , we have
‖T ‖∞ ≤ C(n,K1, D, β)‖T ‖2.
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Proof. Since we have
∆|T |2 = 2〈∆¯ET, T 〉 − 2|∇ET |2 ≤ 2β|T |2,
we get the lemma by [34, Proposition 9.2.7] (see also Proposition 7.1.13 and Propo-
sition 7.1.17 in [34]). Note that our sign convention of the Laplacian is different
from [34]. 
We investigate the convergence of eigensections. The following proposition plays
an important role to prove Theorem B.10.
Proposition B.9. Let {Xi}i∈N be a sequence inM and let X ∈M be the Gromov-
Hausdorff limit. Take a sequence {λi} in R≥0 and Ti ∈ Γ(E(Xi)) with ∆¯ETi = λiTi
and ‖Ti‖2 = 1. Suppose that Ti converges to T ∈ L2(E(X)) weakly in L2, and there
exists µ > 0 with supi λ ≤ µ. Then, we have the following properties.
(i) There exist λ ∈ R≥0 with λ = limi→∞ λi.
(ii) We have T ∈ D2(∆¯E , X)∩L∞(E(X)), ‖T ‖∞ ≤ C(n,K,D, µ) and ∆¯ET =
λT .
(iii) Ti,∇ETi converges T,∇ET strongly in L2, respectively.
Proof. Take ωi ∈ Γ(T ∗Xi) and fi ∈ C∞(Xi) with Ti = ωi + fie. Since ‖Ti‖∞ ≤
C(n,K,D, β), we have ‖ωi‖∞ ≤ C(n,K,D, β). By [25, Theorem 4.9] and [27,
Theorem 6.11] (see also [26, Proposition 4.2]), there exist a subsequence i(j), ω ∈
L2(T ∗X) and f ∈ H1,2(X) such that ω is differentiable at almost all point in
X, ∇ω ∈ L2(T ∗X ⊗ T ∗X), ωi, fi converges to ω, f strongly in L2 and ∇ωi, dfi
converges to ∇ω, df weakly in L2, respectively. By the lower semi-continuity of L∞
norm [25, Proposition 3.64], we have ‖f‖∞ ≤ C(n,K,D, µ), ‖ω‖∞ ≤ C(n,K,D, µ)
and ‖T ‖∞ ≤ C(n,K,D, µ). As with the proof of [26, Proposition 4.8 (ii)], we have
〈ω, dh〉 ∈ H1,2(X) for all h ∈ D2(∆, X) with ∆h ∈ L∞(X). By [26, Proposition
4.5], we get ω ∈ H1,2C (T ∗X).
Take arbitrary S = η + he ∈ TestE(X). Then, there exist sequences ηi ∈
Γ(T ∗Xi) and hi ∈ C∞(Xi) such that ηi, ∇ηi, δηi, hi, dhi converges to η, ∇η, δη,
h, dh strongly in L2, respectively by [26, Proposition 3.5]. Set Si := ηi + hie ∈
Γ(E(Xi)). Take a subsequence i(j) such that the limit λ = limj→∞ λi(j) exists.
Then, we get
lim
j→∞
∫
Xi(j)
〈∇ETi(j),∇ESi(j)〉 dHn = lim
j→∞
λi(j)
∫
Xi(j)
〈Ti(j), Si(j)〉 dHn
=λ
∫
X
〈T, S〉 dHn.
We have
lim
j→∞
∫
Xi(j)
〈∇ETi(j),∇ESi(j)〉 dHn
= lim
j→∞
∫
Xi(j)
(
〈∇ωi(j),∇ηi(j)〉 − fi(j)δηi(j) − hi(j)δωi(j) + nfi(j)hi(j)
+ 〈dfi(j) − ωi(j), dhi(j) − ηi(j)〉
)
dHn
=
∫
X
(
〈∇ω,∇η〉 − fδη − hδω + nfh+ 〈df − ω, dh− η〉
)
dHn
=
∫
X
〈∇ET,∇ES〉 dHn.
Thus, we get ∫
X
〈∇ET,∇ES〉 dHn = λ
∫
X
〈T, S〉 dHn.
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This shows that T ∈ D2(∆¯E , X)∩L∞(E(X)) and ∆¯ET = λT . Since λ is uniquely
determined, we have λ = limi→∞ λi. Thus, we get (i) and (ii)
Since we have
lim
i→∞
‖∇ETi‖22 = lim
i→∞
λi = λ = ‖∇ET ‖22,
∇ETi converges to ∇ET strongly in L2. 
Let us show the continuity of the eigenvalues of the Laplacian ∆¯E under our
setting. The following theorem is the main goal of this appendix.
Theorem B.10. Let {Xi}i∈N be a sequence in M and let X ∈ M be the Gromov-
Hausdorff limit. Then, we have
lim
i→∞
λk(∆¯
E , Xi) = λk(∆¯
E , X)
for all k ∈ Z>0.
Proof. We consider the case when Xi ∈ M for all i. The general case is its easy
consequence.
Take arbitrary k ∈ Z>0.
We first show the lower semi-continuity
lim inf
i→∞
λk(∆¯
E , Xi) ≥ λk(∆¯E , X).
If lim infi→∞ λk(∆¯E , Xi) =∞, this is trivial. We assume that lim inf i→∞ λk(∆¯E , Xi) <
∞. For each i, let {Ti,j}j∈Z>0 be the complete orthonormal system of eigensections
in L2(E(Xi)):
∆¯ETi,j = λj(∆¯
E , Xi)Ti,j .
We can take a subsequence i(l) such that lim infi→∞ λk(∆¯E , Xi) = liml→∞ λk(∆¯E , Xi(l))
and Ti(l),j converges to some Tj ∈ L2(E(X)) weakly in L2 as l → ∞ for all
j = 1, . . . , k by [25, Proposition 3.50]. By Proposition B.9, there exist λ1, . . . , λk
with λj = liml→∞ λj(∆¯E , Xi(l)) for all j = 1, . . . , k, and we have Tj ∈ D2(∆¯E , X)
and ∆¯ETj = λjTj . Define Ek := SpanR{T1, . . . , Tk}. Then, we get
λk(∆¯
E , X) ≤ sup
T∈Ek\{0}
‖∇ET ‖22
‖T ‖22
= lim inf
i→∞
λk(∆¯
E , Xi).
We next show the upper semi-continuity
lim sup
i→∞
λk(∆¯
E , Xi) ≤ λk(∆¯E , X).
Let {Tj}j∈Z>0 be the complete orthonormal system of eigensections in L2(E(X)):
∆¯ETj = λj(∆¯
E , X)Tj.
For each j, take ωj ∈ H1,2C (T ∗X) and fj ∈ H1,2(X) such that Tj = ωj + fje. By
[26, Theorem 3.5], there exist ωi,j ∈ Γ(T ∗Xi) and fi,j ∈ C∞(Xi) such that ωi,j ,
∇ωi,j , fi,j , dfi,j converges to ωj , ∇ωj , fj , dfj strongly in L2, respectively. Define
Ti,j := ωi,j+fi,je ∈ Γ(E(Xi)) and Ei,k := SpanR{Ti,1, . . . , Ti,k} ⊂ Γ(E(Xi)). Then,
dim Ei,k = k for sufficient large i, and
λk(∆¯
E , X) = lim
i→∞
sup
T∈Ei,k\{0}
‖∇ET ‖22
‖T ‖22
.
Thus, we get
lim sup
i→∞
λk(∆¯
E , Xi) ≤ lim sup
i→∞
sup
T∈Ei,k\{0}
‖∇ET ‖22
‖T ‖22
= λk(∆¯
E , X).

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Let us investigate the relationship between λk(∆¯
E) and the Obata equation
∇2f + fg = 0.
Theorem B.11. Let X ∈ M. For all k ∈ Z>0 the following conditions are mutu-
ally equivalent.
(i) λk(∆¯
E , X) = 0.
(ii) There exists a k-dimensional subspace V ⊂ D2(∆, X) such that ∇2f+fg =
0 holds for all f ∈ V .
Proof. We first prove that (ii) implies (i). For all f ∈ D2(∆, X), we have df ∈
H1,2C (T
∗X) (see [27, Theorem 1.9] and the definition ofH1,2C (T
∗X)), and so df+fe ∈
H1,2E (E(X)) by Lemma B.4. Define V˜ := {df + fe : f ∈ V } ⊂ H1,2E (E(X)). Since
∇ET = 0 for all T ∈ V˜ , we have V˜ ⊂ {T ∈ D2(∆¯E , X) : ∆¯ET = 0}. Thus, we get
λk(∆¯
E , X) = 0 by Theorem B.7.
We next prove that (i) implies (ii). For all T = ω + fe ∈ D2(∆¯E , X) with
∆¯ET = 0, we have f ∈ D2(∆, X) (see Lemma B.5), ∇ω+fg = 0 and df−ω = 0, and
so ∇2f + fg = 0. Since the map {T ∈ D2(∆¯E , X) : ∆¯ET = 0} → D2(∆, X), T =
ω + fe 7→ f is injective, the image V ⊂ D2(∆, X) satisfies dimV ≥ k. Thus, we
get (ii). 
Corollary B.12. Let X ∈ M. If there exists a non-zero element f ∈ D2(∆, X)
with ∇2f + fg = 0, then there exists a compact geodesic space Z such that X is
isometric to the spherical suspension S0 ∗ Z.
Proof. By Theorem B.11, we have λ1(∆¯
E , X) = 0. Take a sequence {Xi} in
M with Xi converges to X in the Gromov-Hausdorff topology. Then, we have
limi→∞ λ1(∆¯E , Xi) = 0. Thus, we get the corollary by Theorem A.1. 
We get the following three corollaries immediately by Theorem A.1, Theorem
B.9 and Main Theorem 1.
Corollary B.13. Given a positive real number ǫ > 0 and a integer 1 ≤ k ≤ n− 1,
there exists δ(n,K1, D, v, ǫ) > 0 such that if X ∈M satisfies λk(∆¯E , X) ≤ δ, then
dGH(X,S
k−1 ∗ Z) ≤ ǫ for some compact geodesic space Z.
Corollary B.14. Let {Xi}i∈N be a sequence in M. Then the following three con-
ditions are mutually equivalent.
(i) λn(∆¯
E , Xi)→ 0 as i→∞.
(ii) λn+1(∆¯
E , Xi)→ 0 as i→∞.
(iii) dGH(Xi, S
n)→ 0 as i→∞.
Corollary B.15. Given a positive real number ǫ > 0, there exists δ(n,K1, D, ǫ) > 0
such that if X ∈ M satisfies λn(∆¯E , X) ≤ δ, then dGH(X,Sn) ≤ ǫ.
Note that δ in Corollary B.15 does not depend on K2 and v. If ǫ is sufficiently
small in Corollary B.15, thenX is bi-Ho¨lder equivalent to Sn by Theorem 5.9, Theo-
rem A.1.2, Theorem A.1.3, Theorem A.1.5 in [8]. In particular, X is homeomorphic
to Sn.
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